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Successive approximation and variational iteration
method boundary value problem with retarded
argument

Arzu Aykut, Cebeli Inan, Erdal Eker

Abstract

In this paper, conclusions obtained from this two method are compared
with by using successive approximations and variational iteration method for
approximate solution of a second-order linear differential equation with retarded
argument.

2010 Mathematics Subject Classification: 45B05-45D05,41A35,65K15.
Key words and phrases: Fredholm-Volterra integral equations, Successive
approximation method, Variational iteration method.

1 Introduction

Integral equations are equations in which the unknown function appears inside a
definite integral. They are closely related to differential equations. Initial value
problems and boundary value problems for ordinary and partial differential equations
can be written as integral equations and some integral equations can be written as
initial or boundary value problems for differential equations. Problems that can be
cast in both forms are generally more familiar as differential equations, owing to the
larger collection of analytical procedures for solving differential equations.

Many applications are best modeled with integral equations, but most of these
problems require a lengthy derivation. A relatively simple example is the model for
population dynamics, with birth and death rates that depend on age.

Integral equations are also important in theory and numerical analysis of differ-
ential equations [13].

One of methods used in obtaining analytical solution for the boundary value
problems is the integral equation method [17]-[15]. Thanks to this method, it is
acquired an integral equation that is equivalent to the boundary value problem (1)
and the solution of the integral equation is known as equivalent to the solution
of the boundary value problem. As equivalent integral equation is used usually a
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4 A. Aykut, C. Inan, E. Eker

Fredholm equation in the classical theory, we obtain a Fredholm-Volterra integral
equation different from classical theory for the problem (1) and the approximation
solutions is obtained by using this equation by means of Green function.

The Fredholm operator included in the equivalent integral equation is an operator
with a degenerated kernel. We applied the ordinary successive approximation and
variational iteration method for problem (1).

In this study, these methods can be applied for the boundary value problems
with retarded argument. The problem (1) has been studied for 7(¢) = 0 in [14],
7 (t) = constant in [11]. Furthermore, problem (1) has been studied with varied
boundary conditions [3]. We investigated the solution of boundary value problem
(1) for arbitrary continuous function 7 ().

In addition, in this paper, we used also variational iteration method (VIM) to
find the approximate solution of boundary value problems with retarded argument.
The variational iteration method is a new method for solving linear and nonlinear
problems and was introduced by a Chinese mathematician, He J. H.([7]-[8]-[9]). He
modified the general Lagrange multiplier method [10] and constructed an iterative
sequence of functions which converges to the exact solution. In most linear problem
the Lagrange multiplier, the approximate solution turns into the exact solution and
is available with just iterations [18].

2 Statement of the Problem

In this section, we will give a boundary value problem with retarded argument as
follows:

(1) ) +a®)xt—7@)=f(#), 0<t<T)
r(H)=¢(t), ho<t<0), 2(T)=ar

where a (t) > 0,f(t) > 0,7(t) > 0,(00<t<T) and ¢(t), (Ao <t <0) are known
previously continuous functions.

On the one hand we find an equivalent integral equation in order to apply for suc-
cessive approximation method, on the other hand it is not necessary to an equivalent
integral equation for variational iteration method.

2.1 An equivalent integral equation

In the problem (1), when we take as A (t) = t—7 () then ¢ € [0, T is a point located at
the left side of T" such that conditions A (tp) = 0 and A (t) < 0,0 < ¢ < ¢ are satisfied,
where A\g = ming<¢<¢, A (£). We suppose that A (¢) is a nondecreasing function in the
interval [tg,T] and the equation A (t) = o has a differentiable continuous solution
t = 7y (o) for arbitrary o € [0, A (¢)]. It can be seen that if = (¢) is a solution of the
boundary value problem (1) then x (t) is also the solution of the equation

T ¢
(2) z(t) =h* (t)—i—;/(T— s)a(s)x(s—T(s))ds—/(t—s)a(s)x(s—T(s))ds

0

0
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Here,

T ¢
* t t
W0 =0+ (r - O) .~ 3 [ @5 f(s)ds— [(t=9)F (5)ds
0 0
Let 0 = s — 7 (s). Therefore equation (2) can be written as follows:

A(T)
3) sO)=H )+ 7 [ T=7@)a6(0)a(0)7 (0)do

o

where
0
t
() H@) =10+ 7 [[T=7@)]ar(@)e(0)7 () do
0 »
- [t-r@latr@) w0y (o) do
Ao
Let
K(0) = [T-~(@)a((0)7 (o).
K(to) = —[t—~(o)a(y(@)7 (o)
Therefore we write
. A(T) AD)
(5) x(t)zH(t)—i—T/K(a)x(a)da+/K(t,a)x(a)da
0 0
(6) z(t)=H(t)+ %F)\x + Wz
where,

A(T)
P = /K(a)a:(a)da
0

is the Fredholm operator,
A(t)
e = / K (t,o)z (o) do
0

is the Volterra operator. Equation (6) is called Fredholm-Volterra integral equation
and equivalent to the problem (1).
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2.2 The ordinary successive approximation method

In this section we know the existence and the uniqueness of solution for the problem
(1). However, we will also know that the solution of the problem (1) converges to
the solution of the ordinary successive approximations,

XT)
(7) Tn (t) =h (t) + / G (t77 (J)) a (7 (U)) 7‘ (U> Ln—1 (U) do, n = (17 2, )

0

for the arbitrary continuous function zq (t), (0 <t <T') where

(T—1t)s 0<s<t
G(t,s) = r.o ==
(t,9) {(TTS)t, t<s<T

is Green function. The function G (t,s), (0 < s <t) is positive, symmetric and
continuous. It is hold following conditions for this function.

G (t,8)] <

=]~

T
T2
TR
0

We use the Fredholm integral equation in order to show the existence and the unique-
ness of solution for the problem (1).

Lemma 1 We assume that E is a Banach space and A : E — E a contraction
mapping. Then the equation

(8) = A(x)

has a unique solution x* and the ordinary approximations {x,} which are defined by
9) Ty =A(xp-1), n=(1,2,..)

and these approximations converge to x* where the first approximation is xg € F.

Theorem 1 Suppose that a = a (t) is a continuous function in the interval (0 < ¢t <T)

and
2

—
8

Therefore problem (1) has a unique solution and the approzimation (7) converge to
the solution of the problem (1) and the speed of the convergence is determined by

lall <1

Ty —x <" <z — 7.
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3 Variational Iteration Method

We consider the following term with retarded to explain the basic concepts of Vari-
ational iteration method:

(10) Lu(t) + Nfu(t),u(E@)] = f(t)

Here, L linear operator, N nonlinear operator, & (t) term with retarded and f (t)
nonhomogeneous term.

General Lagrange multiplier method is claimed by (10). He converted general
Lagrange multiplier method to correction function written as follows:

1) wn (O = O+ [ A6 o)+ N @ 0,3 € ©)) - £ ()] ds
0

Here A general Lagrange multiplier, k order of approximation and 4y constrained
variation, that is duy = 0(7),(8),(9).

Lagrange multipliers can be obtained exactly and easily for the linear problems.
But it is not easy to get them nonlinear problems. In VIM (variational iteration
method), 4 nonlinear term are considered as constrained variation, a concept ben-
efited from variational theory enabling to determination Lagrange multiplier.

In this study, ux (€ (t)) .Lagrange multiplier can be stated easily this assumption.
So using the equality,

u () = lim u (1

it can be arrived to the approximate solution successfully.

4 Findings
Example 1 Let us consider the boundary value problem.:

1 — 943 5/2 _ 142 _ 1,3/2

(12) 2 (t) +tw (t— 3vVE) =265 — 2452 — L2 — 14372 4 4
x(t) =0, (-1/16 <t<0), =z(1)=1

This equation can be written as the Fredholm-Volterra integral equation

(13) @y, (t) = —0.8742063492¢ + 2t> — 0.05714285714¢7/% — 0.044166666667¢*

3+ 280 — 8002
i | e

+ L2
—0.1269841270t%/2 1+ 0.145 + 8/ [3 1+ 40 — 1602 +
0

t—/1/2 (4t—1)+(48t—20) o —8002
= 4t—1)+(16t—12) 0 — 160> n—1(0)d
6/, {( )+ (16 )o—160"+ 6o }55 1(0)do
Let

h(t) = —0.8742063492¢ + 2t — 0.05714285714¢7/% — 0044166666667
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—0.1269841270t%/2 4 0.1¢°,
3+ 280 — 8002>

1
K(a):<3+40—1602+

8 V1+ 160
K (t,0) = —% ((4t —1) + (16t — 12) 0 — 1602 + (41 +\(/4181%6232) o— 800—2)
and
1/2
Flz = /K(U)x(a)da,
0
t—Vt/2
iz = / K (t,o0)z (o) do.
0

Therefore, the integral equation (13) can be written as
z(t)=h(t)+tFiz+Vix

and this equation is equivalent to problem (12). Some wvalues of the solution of
this equation are obtained by using the ordinary successive approximations of or-
der second which are given in Table 1, where the first approzimation is xq (t) =
—0.8742063492t. Now, to solve the problem (12) with variational itertion method,
we consider the correction functional written in the form of

(14) Tpa (8) = xx () + /)\ (s) [z}, (s) +tZ (s — 7 (s)) — f(s)] ds
0

to solve the equation (12), where X general Lagrange multiplier, T (s — 7 (s)) con-
straint variation, i.e. 6% (s — 7 (s)) =0 and

(15) f(s) =253 —25%/2 — %SQ - %si”/z +4
(16) 0z (t) = 0y (t) + (5//\ (s) [z}, (s)] ds
0

It is obtained stationary conditions from (16) as follows,
oxp (t) :+ 1—=A(t) |s==0,

5z (t) ¢ A(D) Jse=0,
5z (t) © A'(t) o= 0.
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General Lagrange multiplier is found from these equations,
(17) A(s) =s—t.

We get iteration formula

(18) Tpe1 (1) = 2 ( +/ (s —t) s) +txg (s —/s/2) — f(s)] ds
0

writing Lagrange multiplier in (14).It can be reached to the approximate solution
to desired order using appropriate initial function chosen. Here we choose xg =
—0.2t%2 — 0.9t and we solved the iteration formula to second order. So, we have

zo () = 2t — 0.9¢ + 0.2998184382¢* — 0.0215550132t° — 0.1396825397¢%/2
—0.2171428572t7/%2 — 0.3076157001t% + 0.01613127795t° — 0.005300539828¢ 1/
—0.008897370511¢/2 + 0.003134507231¢1° — 0.004320066827t'7/2
+0.01938208824¢15/2 — 0.01222748951¢'9/2 — 0.01274651145¢% + 0.2742694031¢".

ti z (t) w; (ti) 23 (ti) e (t) &% (ti)
0.0 0.000000 -0.000135 0.000000 0.000135 0.000000
(1) 0.2 -0.120000 -0.097001 -0.120392 0.022998 0.000392
0.4 -0.080000 -0.037704 -0.084735 0.042295 0.004735
0.6 0.120000 0.166049 0.101490 0.046049 0.018509
1.0 1.000000 1.007731  0.885868  0.007731 0.114131

Table 1.Values at some point in the interval [0,1].

x (t;) is evact solution, w3 (t;) is the ordinary successive approzimations of order
second for problem (1). z3(t;) is approximations of order second of variational it-
eration method for problem (1). e'(t;) is error value of the ordinary successive
approzimations of order second. &2 (t;) is error value of approvimations of order
second of variational iteration method. In 1, it has chosen as

Yt) = |a(t)—ay(t)], i=1,2,3,4,5,
() = |x(t:)—a5(t)|eps, i=1,2,3,4,5.

9
9

5 Conclusion

The fundamental aim of this paper has been to apply convenient two approximation
method to the solution of differential equation with retarded argument. To find
solution of boundary value problem (1), it is obtained an integral equation equivalent
to the boundary value problem (1). In this paper, we obtained a Fredholm-Volterra
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Figure 1: The convergence of U, o(f;x) to f(x)

integral equation for the problem (1). After we obtain integral equation, we used
ordinary successive approximation method. However, we used variational iteration
method over boundary value problem (1). With these methods, we find successive
approximate solutions for problem (1). From 1, it is seen that values calculated
for problem (1) are coincide with exact solution. Our aim has been compare with
solutions obtained by carrying out ordinary successive approximation and variational
iteration method to problem (1). From 1, it can be seen easily that variational
iteration method gives good conclusion respect to ordinary successive approximation
method. The computations associated with the example mentioned above were
carried out by using Maple.
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On some Bernstein-type operators

Adriana Rusu

Abstract

The aim of this paper is to present an alternative proof for the theorems
given by Z. Finta in [2], which states that there exists no sequence L,, of gen-
eralized Bernstein-type operators that have e; and e; as fixed points for any
n=j,7+1,..., but there exist an infinity of such operators that have e; and
e; as fixed points, where j is fixed.

2010 Mathematics Subject Classification: 41A36, 41A10.
Key words and phrases: Bernstein-type operators, Hahn-Banach type theorem.

1 Introduction

We consider the following sequence of operators

(1) LTZ : C[Ov 1] — 0[07 1]7 (LNf)(x) = an,k(x))\n,k(f)
k=0

where p, (z) = 28(1 — 2)"* and Ak, k = 0,n, n € N are positive lin-

n
k
ear functionals defined on C0,1]. The operators given by (1) are Bernstein-type
k
operators. For A, x(f) = f <> we get the classical Bernstein operators:
n

By: €011 = COLLL BulDle) = pus(f (1)
k=0

Approximating functions of type (1) operators was studied in [3], by I. Gavrea
and D. H. Mache.

In [2], Z. Finta proved the existence of type (1) operators, that have as fixed
points the monomials e;, e;(z) = 2%, x € [0,1], i =0, 1.

13
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For A, k(f) :f<<k(k_1)”'(k_j+1)>j>, k=0n,1<j<n,neN,

nn—1)...(n—j+1)
from (1) we get the following operator

AN k(k—1)...(k—j+1)\7
@ Un1)a) =3 nd ((n(n_ )

N——

The U, operators, n € N were introduced in [1], Proposition 11.
In [1] it was shown that
Un(eO) = €0

Un(ej) = ¢;
Z. Finta proved the following results in [2].

Theorem 1 Leti,j € {1,2,...}, i < j be given. There exists no sequence {L,} of
type (1) operators such that e; and e; are fized points for L, for anyn =j,j+1,....

Theorem 2 There is an infinity of Ly, type (1) operators sequences such that
lim ||L,f — f|| =0, feC[0,1]
n—oo

and Ly, has e; and e; as fived points, where j is fized.

The previous theorem was proved by Z. Finta in [2] using a Hahn-Banach type
theorem. The aim of this paper is to give another proof for Theorem 1 and Theorem
2.

2 Main Results

The following is an alternative proof of Theorem 1.
We assume that for ¢ < j we have

(3) (Lne)(z) = 2’

(4) (Luey)(@) = o

where n > j.
Relation (3) can be written as follows:

> pnk(@)Angle) = 2
k=0

from where we deduce that
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/\mo(ei) = )\ml(e,;) =...= )\m_l(ei) =0

(5) >\n,i =
From (4) we get

(6) Ano(€s) = Anji(e) = ... = A j—1(ej) =0

Using the Cauchy-Buniakowsky-Schwarz inequality for positive linear functionals
we have

1

1
Anjiei) = Anjilef 1 -efpq) < \/)\n,i<ei—1) “Anjile; +1)

or

(7) X% i(e) < Aniein) - Anji(eisn):

In the same way, we have

A2 i(eiv1) < Anji(ei) - Anjileiva)
(8)

A i(ej—2) < Aniej—s) - Anji(ej-1)

From (7) and (8) we get:

(9) N ) S N (eimn) - AZ T (e) - A2 (eims) - An(eso1)
From (6) and (9) we get
Anji(ei) =0,

which contradicts (5).
In the following theorem, we emphasize a type (1) class operators that have 1
and e; as fixed points.

Theorem 3 Let (an)nen, an € (0,1) be a sequence of positive numbers such that
lim a, = 0. The sequence of operators defined by

k(k—1)--(k—j+1)7
(1_an)f((n(n—l)---(n—j—l—l) >>

 k(k=1) - (k—j+1) L h(k =) (k=j+1)
an (1 n(n—1>-~<n—j+1>>f(0)+ ”n(n—l)---<n—j+1>f(”]

k=0
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has the following properties:

Lne() = €0
(11) LnEj =€
and
(12) lim |[L,f = f =0, feC0,1].

Proof. We notice that the operator (L, f)(z) can be written in the following way

(13) (Lnf)(x) = (1 = an)(Unf)(x) + anl(1 — mj)f(O) + xjf(l)]

The relation (13) results from (2) and from the following equality

n

k(= 1) (k—j+1)
x]_zn(n—l)---(n—j+1)

pn,k(‘r)
k=0

Because Uy,ep = eg and Upe; = e, from (12) we have
Lye, = e
Lnej =€j

To prove (12), we see that

[ Lnf = FIF < NUnf = fII+ 2an]| f]]

from where the proof of the theorem results.
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Preserving properties and estimation of coefficients for
functions that belong to a subclass of analytic functions
M*(Oé,ﬁ,’}/,A, A)

Petrica Dicu, Radu Diaconu

Abstract

In this paper we present preserving properties and estimation of coefficients
for functions that belong to a subclass of analytic functions M*(a, 8,7, A, \).

2010 Mathematics Subject Classification: 30C45, 30C50.
Key words and phrases: Alexander type integral operator, Bernardi type
integral operator, I.,s integral operator, L, type operator.

1 Introduction

Let S denote the class of normalised analytic univalent function f defined by

(1) f) =2+ 3 anen,

n=2

for ze U={z:]2| < 1}.
Let T denote the subclass of S consisting functions of the form

(2) f(2)=2— 3 lan|em.

n=2
Definition 1 [2] Let I4 be a Alezander type integral operator defined as:

Ip:A— A I4(F)=f, where
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Definition 2 [1] Let I, be a Bernardi type integral operator defined as:

I,:A— A I,(F)=f, a=1,2,3,..., where

(4) f(z) = < jz‘F(t) -t 14t
0

Definition 3 [1] Let L, be a generalization of the previously integral operator de-
fined as:

Ly:A— A, Ly(F)=f, a€ C,Rea >0, where

(5) £(z) = 5 [F(@) - 1o dr.
0

Definition 4 [2] Let I..s be the integral operator defined as: I..s : A — A, 0 <
u<1l,1<i<o0,0<c<o0,

1
(6) F2) = Less(F)() = (e4+0) [ 2P (uz)d

Remark 1 [2] For 6 =1 and c¢=1,2,..., from the integral operator I..s we obtain
the Bernardi integral operator defined by (4).

Definition 5 [2] Let F € A, F(2) =z +by2® +---+b2" + ..., and a € R*. We
define the integral operator L : A — A by

_1+a
=

(7) f(z) = L(F)(2)

/z F)(t* ! 4 t*That.
0

2 Preliminary results

Further, we define the class M(a, 3,7, A, A) as follows:

Definition 6 /3] A function f given by (1) is said to be a member of the class
M, B,7y, A, N) if it satisfies

2f'(2) = f(2)
azf'(z) = Af(z) = (1 = )1 = A)vf(2)

where 0 < a<1,0< <], -1<A<L,0<AL<1L,0<y< 1 forall zeU.

< B,

Let us write

(8) M*(a75777A7>\):TﬂM(a7/B7’YJA7)\)'
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Theorem 1 [3] If f € S satisfies
)

22(71 =1+ B(na—A—(1-X)(1-=A4)7))|an| < Bla—A—(1-X1)(1-A4)),
where 0 < a < 1,0< <1, -1<A<1,0< A< 1,0<vy<1, then f €
M(a’ B?’Y? A’ )\)'

Theorem 2 [3] Let the function f be defined by (1) and let f € T. Then f €
M*(e, B,7v, A, N), if and only if (9) is satisfied. The result (9) is sharp.

Corollary 1 [3] Let the function f be defined by (1) and let f € M*(«, 8,7, A, \),
then

Bla—A—(1-N)(1—A
(10) p < (nf1J£g(na7(147(1)£/\)(1)j/)4)'y))7 n 2.

3 Main results

Theorem 3 The Alexander type integral operator defined by (3) preserves the class
M*(a, 8,7, A, N\), that is: If F € M*(«a,pB,7,A,N), then f(z) = IsF(z) €
M*(e, B,7v, A N), for F(z) =2z — Y anz", ap > 0.

n=2

oo
Proof. Let F C T, F(z) =z — Z anz", an > 0. Then

F(z) = IAF (2 /F dt

/1 t—Zant”

0

[o.¢] a o0
n .
=z— g — "=z E cn2", with
n
n=2 n=2

cpn = 9 >0, n > 2. It follows that f € T. We have now to prove that f €
M* (e, 8,7y, A, A). Using Theorem 2 we need to prove that:
1)

—~
;_n

5 (0= 1+ B(na— 4 (L= )1~ A))lea] < Bla— 4 - (1= (1 4]
for0<a<1,0<p<1, -1<A<1,0<A<1,0<vy<1. This means:
(12)

o0

2 (0= 1+ f(na = A= (1= (1= A < fla = A= (1= X)(1 = 4)9).

But we have % <'|an|, for n> 2, and by using (9) and (12), we observe that
inequality (11) is fulfilled. This means that f € M*(«, 8,7, A, \).
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Theorem 4 The integral operator I.ys defined by (6) preserves the class
M*(ar, 8,7, A, ), that is: If F € M*(a, 8,7, A, N), then f(2) = Lp5(F)(2) €

M*(a,B,v, A, N), for F(z) =2z — > ap 2", a, > 0.
n=2

o0
Proof. Let F' € M*(«, 8,7v,A,\), F(z) =2z— > anz", ay, > 0.
n=2

We have, from Theorem 2:
(13)

S (n— 1+ Blna— A~ (1= N (1 - Ay)las] < Bla— A~ (1= A)(1 - Ay).

n=2

o0
From (6) we obtain f(2) = I.45(F)(2) =2z — >_ CJH‘iigil an 2", where 0 <c<
=2

n—
00, 1 < 6§ < oo. We also remark that for 0 < ¢ < oo, n > 2 and 1 < § < oo, we have

)
(14) 0< F55— <1

Thus f € T and by using Theorem 2 we have only to prove that.

(15)

o0

> (n =1+ B(na — A= (1= N)(1 = A)7)) it lan| < fla—A— (1= N)(1 - A)y).

n=2

where 0 < a<1,0< <1, -1<A<1,0<A<1],0<y<land 0<c< oo
and 1 <§ < o0, n>2.

By using the relation (14) we have

c+o
c+n+d-—1
for 0 < c <oo,n>21<§ < oo, and thus from (15) we conclude that the

condition (13) take place and thus the proof it is complete.
The following theorem is proved similarly (see Remark 1):

lan| <anl,

Theorem 5 The Bernardi type integral operator defined by (4) preserves the class
M*(e, By, A N), that is: If F € M*(«,B,7,A,N), then f(z) = I,F(z) €

M*(a, 8,7, A, \), for F(z) =2z — > anz"™, ap > 0.
n=2

Theorem 6 Let FF € M*(a, 5,7, A,\) with 0 < a<1,0< <1 -1< A<
(o)

LOSASLOSy <L Fz)=2—)Y bp2", by > 0. For f(2) = La(F)(2),
n=2

oo
f(z)=2-— Zanz", an > 0, z € U, where the integral operator L, it is defined by
n=2

(5), we have:

Bla—A—(1—-N{1-A)p) atll
n—1+pBnha—A—-1-N(1-A4)) a+n|” ~
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Proof. For f = L,(F)(z) with F(z) =z — Z bpz" and f(z) =z — Z anz" we
n=2 n=2
have
a+1
an = by - )
a+n

where a € C, Rea > 0, n > 2.
The coefficient bounds for the functions belonging to the class M*(«, 5,7, A, \) are

Pla-—A-(1-N{1=A4))

n*(n—1+5(na—A_(1_)\)<1_A)7)),n22.
For n > 2 we obtain
e SRS N N L
== B =A== A)| fatn

B Bla—A—(1=N1-4)0)  a+l
m—14Bna—A—-(1-XN1—-A)) a+n

Hence the theorem is proved.

Theorem 7 Let F € M*(a, 8,7, A\ with 0 < a<1,0< <1, -1< A<
[o.¢]

L0 < A<1,0<~v<1, F(z):z—anz", b, > 0. For f(z) = L(F)(2),
n=2

oo
f(z)=2— Zanz",an > 0, z € U, where the integral operator L it is defined by

(7), we h(M}Z:Z2
aﬂ<’ Bla—A—(1-A)(1—A) wa+1

S0+ B82a-A-—1-N1-4m)| |a+2|’
Blao—A—(1—A\)(1— A)y) a+1
oo < || g a Ao | Y el

"y Bla—A—(1-\)(1—A)¥) wa+1

"=l n =14+ Bna—A—-(1-=XN(1-A)»%)| |a+n

. Bla—A—(1—X\)(1—A)y) "a+1
n—3+B(n—2a—A—1-XN1-An)]| |a+n]|

Proof. For f = L(F)(z) with F(z) =z — Z bpz" and f(z) =z — Z anz" we
n=2 n=2
have:

1
02:62'ia
a
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a+1

— (s +1)- 22

as (3+ ) a+37
a+1
an:(bn+bn—2)'a+n>

where a € R*, n > 4.
The coefficient bounds for the functions belonging to the class M*(«, 8,7, A, \) are:

Bla—A-(1-N(1—-A))

bnS(n—1—|—5(na—A_(1_)\)(1_A)7)),nZQ.
For n > 4 we obtain:
lan| = by + br—2] - Zi_;
< (Iba] + |ba—al) ii
o A—0-NA ) | ot
“n=148na—A—-(1-=XN(1-A)7)| |a+n
i Bla—A—(1-=X(1—A)R) Jat1
n—3+B((n—2a—A—1-XN1-ANn)]| |a+n]|
,a,<' Bla—A—(1-=X(1—-A)) Jat1
1 [T Ama = A= =N = A1) [arn
+ Bla—A-(1-N{1-A)) Ja+1
n—3+B(n—2a—A—1-N1=-ANn)]| |a+n|

For n = 2 we have:

oa] = Pl -2
' Bla—A—(1—N)(1—A)) ‘ a—i—l‘
T114+B8R2a-—A-(1-N(1—-A)N)| |la+2|

Similarly for n = 3 we have:

Bla—A—(1-X)(1 - A))
sl = H(2+5(3QA(1A)(1A>7>>' +1] |

a+3|

a—|—1‘

Hence the theorem is proved.
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Simultaneous approximation Baskakov Durrmeyer
Kantorovich operators

Gulsum Ulusoy, Emre Deniz

Abstract

To investigate approximation properties of integrable functions, Durrmeyer
and Kantorovich modification of approximation operators are main tool. To
combine these modification for Baskakov operators, we recently introduced a
generalization of Baskakov operators in [6]. In this paper, we investigate point-
wise convergence of derivatives of these operators by the means of Voronovskaya
type asymptotic formula. This formula is presented in quantitative form in
terms of a modulus of smoothness, which allows us describe the rate of pointwise
convergence and the upper bound for the error of approximation simultaneously.

2010 Mathematics Subject Classification: 41A36, 41A25.
Key words and phrases: Baskakov Durrmeyer Operators, Baskakov
Kantorovich Operatorss, Simultaneous approximation.

1 Introduction

Very recently, in [14], Stan defined a new operator using the structural properties
of Durrmeyer and Kantorovich methods for classical Bernstein operators and called
Bernstein Durrmeyer Kantorovich operator which is defined by

Rotin) =) Y (Pt ooy [ (D)Ea - o

k=0

where z € [0,1] and n € N. Thus an approximation process on a bounded interval
representing again an integral form in sense of Bernstein operator was obtained.
Also some approximation properties of mentioned operator was examined in the
continuos functions space and Lebesgue spaces.

Later in [6], to extend Stan’s construction to unbounded interval, authors have
constructed a new sequence of integral type operators which contain characteristic
properties of Baskakov Durrmeyer and Baskakov Kantorovich operators that is

1) B (i) = (0 =03 prsasc (@) [ @ s () du,
k=0 0

27
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where p,, 1 (z) = ("ﬂlj*l)xk (1+ m)_(m'k), x € [0,00) and n € N.

These operators are called Baskakov Durrmeyer Kantorovich operators (BDK).
It is shown that these operators reproduce constants as well as linear functions. Also,
the alternate form of these operators in terms of hypergeometric series were given.
For more details of Baskakov Durrmeyer and Baskakov Kantorovich operators and
some generalizations we can refer the readers to [1, 3, 5, 13] and references therein.

The aim of the paper is to study a Voronovskaya type asymptotic formula for
derivatives of functions by the corresponding order of derivatives of operators. Also
we give an error estimate in simultaneous approximation by the BDK operators.

Throughout the paper we consider the functions belong to class of all Lebesgue
measurable functions f on [0, 00), that is,

1/ ()]

Hz{f:/o mdt<oo, forsomeneN}

with the norm H||Ca given by HfHCa = sup |ft((f)|_

te[0,00)
Considering this space, several researchers studied simultaneous approximation
properties of some other operators. In this direction we refer [2], [7], [12], [10] and

references therein.

2 Representations and moments

In the sequel, we shall need the following results. First we give a collection of some
properties of the kernel functions p,, ;; which can be easily derived from the definition
of the operators B,,.

Lemma 1 [11] For everyn € N, n>1, k€ NU{0}, = € [0,00) we have

(@)
L Y pop(z) =1
k=0

oo 1
2. =
bfpn,k(t)dt n—1
k
3. ﬁpn,k(ﬁ) = xpn,k—l(x)
9 d
4. p(@) - pnw(@) = (k= na)pn(2)
X
d
5. 1 [Ppt1k—1(2) — Pryr k()] = %pn,k(ﬂf)-

Lemma 2 Let f be anr times differentiable function on [0, 00) such that f"=1) (u) =
O (u®) for some a >0 as u — oco. Forr =0,1,2,... and n > o + r, we have

dr ~ o0 oo
7Bn (fa :L') = (n - 1) 5 (na 7“) an-‘rr-i-?,k: (l‘) /O Pn—rk+r+1 (u) f(r) (u) du,

dz”
k=0
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r—1
where B (n,r) = [] E;wf% for g (n,0) = 1.
§=0

Lemma 3 Let r,s € NU {0} and n > r, if we define the functions Er,n,s (x) as
follows:

o0
Brn s = (TL - Tr— 1 an+r+2 /pn rk—i—r-{—l t - $)Sdta
then the recurrence relation holds:

[n— (r+ 5+ 2)]Brnsi1 = 9(@)[ Bl 5(x) + 25Brn s 1]
(2) + (s +7+2)(1+ 22) Brp s (@),

where p(z) = \/xz(1+x) and n > (r + s+ 2). Consequently,

Br,n,O =1
B (r+2)(1 +2x)
ml T (r+2)

B _ ©*(z)2n + (1 + 22)%(r +2)(r + 3)
2 n—(r+2)]n—(r+3)]

For all z € [0,00), Byps(z) = O ((n + 2)_L&21J> , where |« denotes the integer
part of a.

Proof. Firstly, let us prove the (2). It is clear that

00 o0
©*(2)B),(x) = (n—r—1) Z () Dr o (2 / (t = 2)°pn—r ktr+1(t)dt

—Ss¢ (a:)Bnn’sA ().

Using Lemma 1-(4), we get
0* (@) B). 5(x)
00 oo
= n —r— 1 Z n +r+ 2 pn+r+2 k: / t - pn—r,k’-{-r-‘rl(t)dt
k=0 0

—5¢0*(2) Byp.s—1()

— (n-r-1) prm ) [l 74 1= (=) =+ D)1+ 20)

+(n =)t —2)|(t —x)* pnfr,k+r+1( )dt — s (x>§r,n,s—1(x)
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o0
= (n—-r—1) an+r+2 k(2 / [k+r+1—[(n—7)i](t — ) pp—rp+rs1(t)dt

0 [e.e]
—(n =7 =1 Pugryak(@)(r +1)(1 + 2z) / (t = @) Pn—rpri1(t)dt
k=0 0

00
—I—(n—r—l an+r+2k /n—r (t_x)(t_x) Pn— rk-i-r-‘rl(t)dt

_3902 (x)BT,n,s—l (z)

o0
= (n—r—1) prm / PO prrr ()t — 2t

—(r + 1)(1 + 22) By s(2) + (0 — 1) Brpsi1 — 5¢°(2) Brnys—1(2).

Using integration by parts, we have
o

#H() B prn ) [Pmricsr (1200 (=0 =520 (t—0)* e
0

(3) — (r+ 1)(1422) By s(z) + (0 = 7)Brnsp1 — 597 (2) Brns1(2).
Since

—sp*(t) — (1 +2t)(t — 2) = —s¢*(z) — (s + 1)(1L + 22)(t — z) — (s + 2)(t — x)?,
we obtain from (3)

P (@)Bl,(x) = —s¢*(@)Brns1— (s +1)(1+22)Bppns — (s +2)Brpst
—(r+1)(1 4 22) By s () + (0 = ) Brnsi1 — 592(2) Byps—1(2),

which is desired. The moments can be easily seen from the recurrence formula.

Lemma 4 [2] For each x € (0,00) and r € NU{0}, there exist polynomials ¢; j,(x)
in x independent of n and k such that

r

CEpa@ = Y ) (k= ) e (s (0),

2i4j<r,1,520

(x (14 cx))

+k—1 .
uhere o) = v/l s 0) = (ML) e
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3 Main results

This section deals with the main results, we study Voronovskaya type asymptotic
formula and give an error estimate in simultaneous approximation. Now we state
our main results as follows:

Theorem 1 Let f € H be bounded on every finite subinterval of [0,00) admitting a
derivative of order (r + 2) at a fized point x € (0,00). Let f (u) = O (u®) as u — o0
for some 0 < «, then we have

{ (n—(r+1))
(n_l)/B (n7 7“)

Proof. By finite Taylor’s expansion of f, we have

T2 (i) z A
)=S0 4y e () (u - )2,

7!
i=0

(B )(x)— 0 <x>} = (r42)(1422) 10 (2 (2) f ) ().

where ¢ (u,x) — 0 as u — . Using Lemma 2 we can have

D I Gl Gl ) =1 WAV 5 SN S .
[ LD B e - 1 @} = n (1) Sz @)

o0

< i @ [0~ £0) @) du

0

o0

— = D) e @)% [ Porisrsn () [£7 @) (0 )

(r+2) T r
—i-fQ!() (u—2)*+ dciﬂ‘ [5 (u,z) (u — x)rﬂ}] du

f(r+2) (x)

ol NBr,n,Q

= f(T+1) (SL‘) nér,n,l +
oo o0 d,r ,
+n(n—(r+1)) an+r+2,k (x) /pnnkﬂﬂ (u) T [5 (u,z) (u — ) +2] du

f(r+2) (x)

2!

= f(T+1) (55) nér,n,l + ngr,n,? + Iy,

where

o0

I, = W kzop;??’k (x) O/pmkﬂ (w)e (u,z) (u— ) du.
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In order to prove the theorem it is sufficient the show that I,, — 0 as n — oco. Using
Lemma (4) we can get

L < et T“ Z 3 (n+2)iyk—x(n+2)|jMpn+z,k(:c)

B ™ T k=0 2i+5<r,i,5>0 ( ( )

o0
x/pn k1 (u) e (u, )| |u — :13|7"Jr2 du
0

on(n—(r+1)) ST +2"Y k- a(n+2)F puiag (@)

<
ﬁ (TL, T) 2i+7<r,1,72>0 k=0
o0
< / Pres () | (u, )] Ju — 22 du
0

[NIES

< crn-—(+1) > (n+2y <an+2k Ik—w(”+2)|2j>

B (n, r) 2i4+5<r,4,5>0

N|—=

X [Z Pnt2k (2) (pn,k+1 () le (y, z)| |u — 37|T+2 du) 2]
k=0

00 273
n(n—(r+1)) r )
c eniri), oy ] e
< oS § i e) | [ om0 ) ool
0
where C = C'(z) =  sup 955 @] poy 5 given £ > 0, there exists a § > 0 such

245 <ryi,j>0 (@(1+2))
that |e (u,x)| < ¢ whenever 0 < |u — x| < J. For |u — x| > 0, we have | (u,z)| <
K |u — z|® for any s > 0. Therefore, we write

e 2
/pn,k+1 (u) |e (u, z)| |u — x”“” du
0
< /Pn,k+1 (u) dy /pmkJrl (v) (e (u, x))Z (u— x)2r+4 du
0 0

= (n i 1) /pn,k+1 (y) (e (u)x))Z (u— $)2r+4 du
0

1

= (TL - 1) / Pn,k+1 (U) (5 (u’ ;E))Q (u _ x)2r+4 du

ly—z|<d
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b [ i () e ) (= )

ly—x|=6
Thus, using Lemma 3, we have

[e.o]

2
anJr?,k (z) (/pn,k+1 (u) |e (u, )| |u — 2| du)
k=0

0
oo

((:__11))2 /pn,kJrl (u) (e (u, x))Q (u— x)2r+4 du
0
K (n-1)

(n—1)?

IN

/ Prat (1) (u — x)2s+2r+4
lu—z|>0
= (e (y,x))20 ([n]—(r+4)> + K20 ([n]—(r+s+4))
= (e (y,x))Q o) ([n]—(r+4)) +0 ([n]—(r+s+4)> .

Hence by using Lemma 3 we get

NI

n(n—(r+1)) e o
W[n] ( )(5(%35))20([71] (+4)) +o0(1)

< e+ o0(1) choosing s > 0.

IA

I C

Since ¢ is arbitrary, this implies that I,, — 0 as n — oco.

Theorem 2 Let f € H be bounded on every finite subinterval of [0,00) and
f(u) =0 u®) as u — oo for some 0 < a < s. If U1 exist and is continuous on
(a—9,b4+6) C [0,00), 0 >0, then for sufficiently large n,

el

+02n_%w (f(H_l),n_%) L0 (nr;s)

| But)@) = 1 )

< (|

holds for any s > 1, where C1 and Co are constants independent of f and n, and ||.||
is sup-norm on [a,b] .

Proof. By finite Taylor’s expansion of f we have

() (o , (r+1) _ D) (g
) = SHO@ i U o1 @} gy

7!
i=0
+h (u,x) (1= x (u)),
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where ( lies between u and = and x (u) is the characteristic function of (a — d,b 4+ ¢) .
For u € (a — d,b+ ¢) and x € [a, b] we have

@) (p (r41) () — Fr+D) (g
P o Rt fUH (z)}

(7" +1)! -

(u—=x

For v € [0,00) \ (a — 8,0+ ) and = € [a, b] we define

") (o .
) = £ )~ 3T
i=0 '
Now, we can write

1“+l

(BYf)(z) = fT(z) = (n-1)
9 /0 " priirsn (1) di (u— )i du— 1) (x)
+(n—=1)8(n,r) an+r+2 k ( / Pr—rk4r+1 (1)

{f (r+1) _ f(r+1) ( )} L
(r +1)! (u—2)"™

+h (u,2) (1= x ()] du
= II + I2 + 137

X (w)

where

r+1

L = (n=1)8(n,r)
i=0

> d ) T
< ek @ G (o) du— £ @)
0 u

o0 d/r-
I, = (n—1) Z Jpr P2k (z)
k=0

o0

(r+1) — flr+1) (g
X 0/pn,k+1 (u) {f (f:+ if)! ( )} (u— QC)THX(U) du
Iz = (n—1 Z Tpn+2k /Pnk+1 z) (1 - x (u)) du.
k=0 0

Using Lemma 3, we have

=10 @ { DG o) -1+ BRI E )0 @),
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Now, using Lemma 4, we write

Bl < =1 S 42" pusan (@) k- (n+2)xIJM
2i+j<r,i,j>0 k=0 "(1+x)
Ji fO () = £ () ,
X/pn,k-‘rl (’LL) ‘ (’I"—|—1)' ‘ ‘(u_$)| o du
0

C(n—1) Z (”+2)i2pn+2,k (z) [k = (n+2) zf’

2i+j<r,i,j>0 k=0

-7 I8
X /Pn,k+1 (u) <1 - Ju 5 ’) w (f(’““),é) lu — 2™ du,
0

for all 06 > 0, where C' is a constant. Thus we obtain

IN

Ll = Cl—1w(f7,8) S (42" puiak (@) k= (n+2)af

2i+7<r,1,72>0 k=0
o0 r+2
U—2x
X /pn,k+1 (u) (|u — m|r+1 + ‘5’ > du.
0

Applying Schwarz’s inequality for integration and then for summation, in a similar
way as in the proof of Theorem 1, we deduce

1/2
Bl < Cu(s*08) 3 () (anm <n+2>x>”>
2i45<ryi,j>0

2

00 o0
< (1= 1) puyog (@) / Progers () [u— 2+ du
= 0

1/2
J%Cw(f(’"“),é) > (nr2) (an+2k (n+2)x>2j>

2i4+j<r1,5>0

NI

o
X [ (n =10 poyor (@ /pn p1 () [u — 2" du

0
Cw (f(r+1)75) { -1/2 4. (15711}
= OnYw (f(r+1),5) .

IN

Thus, choosing § = n~/? we have

| < Cn~ Y2y (f(r+1)7n71/2> .
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Since h (u,z) = O (u — x)?, for any s € N with s > « we have
Ll < Kn-1)> > (0+2) (k- (n+2)z) ppiog ()
k=0 2i+j<r,i,j>0

<[ purr @ ol du

lu—z|>6
where K is a constant. In a similar way as in I, we have
I3] < Kn~'/2,

Choosing s > r + 1, we obtain the limit I3 — 0 as n — oc.

References

[1] U. Abel, V. Gupta, An estimate of the rate of convergence of a Bezier variant of
the Baskakov-Kantorovich operators for bounded variation functions, Demon-
stration Math.,vol.1, no. 36, 2003, 123-136.

[2] P. N. Agrawal, V. Gupta, A. S. Kumar, Generalized Baskakov-Durrmeyer type
operators, Rend. Circ. Mat. Palermo, vol.2, no. 63, 2014, 193-209.

[3] A. Aral, T. Acar, Voronovskaya type result for g-derivative of g-Baskakov op-
erators, J. Appl. Funct. Anal., vol.4, no. 7, 2012, 321-331.

[4] V. A. Baskakov, An example of a sequence of linear positive operators in the
space of continuous functions, Dokl. Akad. Nauk, no. 113, 1957, 249-251.

[5] F. Cao, C. Ding, Lp approzimation by multivariate Baskakov-Kantorovich op-
erators, J. Math. Anal. Appl., vol.2, no. 348, 2008, 856-861.

[6] E. Deniz, A. Aral, G. Ulusoy, New integral type operators, (submitted).

[7] N. Deo, Direct result on exponential-type operators, Appl. Math. Comput., no.
204, 2008, 109-115.

[8] Z. Ditzian, V. Totik, Moduli of Smoothness, Springer-Verlag, Berlin, 1987.

[9] A.D. Gadjiev, L. I. Ibragimov, On a sequence of linear positive operators, Soviet
Math. Dokl., no. 11, 1970, 1092-1095.

[10] V. Gupta, P. N. Agrawal, A. Gairola, On the integrated Baskakov type operators,
Appl. Math. Comput., vol.2, no. 213, 2009, 419-425.

[11] M. Heilmann, Direct and converse results for operators of Baskakov-Durrmeyer
type, Approx. Theory & Its Appl., vol.1 no. 5, 1989, 105-127.



Simultaneous approximation Baskakov Durrmeyer Kantorovich operators 37

[12] H. S. Kasana, P. N. Agrawal, V. Gupta, Inverse and saturation theorems for lin-
ear combination of modified Baskakov operators, Approx. Theory Appl., vol.2,
no. 7, 1991, 65-82.

[13] A. J. Lopez-Moreno, Weighted simultaneous approzimation with Baskakov type
operators, Acta Math. Hungar., no.104, 2004, 143-151.

[14] 1. G. Stan, On the Durrmeyer-Kantorovich type operator, Bull. Transilv. Univ.
Braov Ser., vol.2, no. 6, 2013, 33-42.

Gulsum Ulusoy

Cankir1 Karatekin University

Faculty of Science

Mathematics

Cankir1 Karatekin University Department of Mathematics, Cankiri-Turkey
ulusoygulsum@hotmail.com

Emre Deniz

Kirikkale University

Faculty of Arts and Sciences

Mathematics

Kirikkale University Department of Mathematics 71450 Yahsihan, Kirikkale - Turkey
emredeniz--@hotmail.com






General Mathematics Vol. 23, No. 1-2 (2015), 39-48

Dirichlet boundary value problem for a n'* order
complex partial differential equation

[lker Gengtiirk, Kerim Koca

Abstract
In this work, we investigate the solvability condition of the problem
tw + 0,02 'w = f(2), f € Ly(D,C), p>2, n=1,2,...,
¥ Yw|ap =k, e € C(OD;C), 0<k<n-—1

in the unit disc of complex plane, for |¢| < 1. Moreover, under this condition,
we get the unique solution of the problem is given in explicit form.

2010 Mathematics Subject Classification: 30E20, 30E25, 32A55
Key words and phrases: Dirichlet boundary value problem, Beltrami equation,
polyanalytic equation.

1 Introduction

In [1] and [2], Schwarz, Dirichlet and Neumann boundary value problems for the
Beltrami equation wz + cw, = f with constant coefficient in the unit disc were
investigated. Moreover, in [6] Vekua searched the Beltrami equation in the theory
of quasi-conformal mappings. In additionly, in [1] it was given that the solvability
of Schwarz and Dirichlet problems for the operators

Wz +cwzz = f, | < 1.

In this paper, we describe the solvability conditions and solutions of the Dirichlet
problem for the following complex partial differential equation in the unit disc D =
{zeC:|z| <1}

(1) Olw + 002w = f(2), f € Ly(D,C),p>2,n=1,2,..,

39
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(2) O5wlop = ,0 <k <n—1, v € C(OD,C),

where the complex partial differential operators 0, and d are defined by

0, = %(ax —idy), Oz = %(&p +idy), z=z+iy, v,y €R.

2 Integral Representations

The fundemental tools for solving boundary value problems for complex partial
differential equations are Gauss theorem and the Cauchy-Pompeiu representation
formula. Let D be a regular domain of the complex plane C, i.e. bounded domain
with smooth boundary 0D.

Theorem 1 (Gauss theorem, complex form)[3] Let D be a regular domain of C, w
€ CY(D;C)NC(D,C), then

1
/wz(z)dxdy =5 /w(z)dz
D oD
and

/wz(z)dacdy = —% /w(z)dz.
D oD

A complex-valued function w which is independent of Z, i.e., satisfying the dif-
ferential equation in open domain D in C

’wg:O

is called an analytic function in D. For analytic functions the Cauchy theorem is
valid [5].

Theorem 2 (Cauchy theorem) Let v be a simple closed smooth curve and D be the
mner domain, bounded by . If w is analytic function in D, continuous in D, then

/w(z)dz =0

Y

holds.

The following representation of an analytic function can be obtained from the

Cauchy theorem
1 d
w(z) /w(C)CCZ,ZGD.

2
oD

One can deduced from the Gauss theorem the following representation formulas:
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Theorem 3 (Cauchy- Pompeiu representations) [3] Let D be a regular do-
main of C, w € CY(D;C)NC(D,C), ¢ = £+ in. Then

@ W) =5 / w<<>¢dfz - / w<<c>fg_dz
oD D

and

W wie) =5 [ w05 - L [ue 022
oD

hold for all z € D.

3 The Dirichlet Boundary Value Problems

Theorem 4 [1] The Dirichlet problem in the unit disc

gz=+cg.=f, gloop=r

for f € LP(D),p > 2, and v € C(0D; C) is solvable iff

1 24 cz( z
o) o [ O e e
¢l=1
> 1 Zh+1
=S [ HOTR) e,

k=0 i<t

and the solution is
_ b d¢ 1 dédn

(6) 9(2)—2m.c|/1 O WKL 02—

Remark 1 (5) solvability condition can be written as

i 2 —f—CEZ z N E f(C)
27”.|C|/ ’Y(C)l_i_cil_ggdc_ WCl/ 1—5C+Cz(ﬁ)d£dn.
—1 <1

Theorem 5 [4] The Dirichlet problem for the inhomogeneous polyanalytic equation
i the unit disc

ol = g(2) in D, dEw|gp = on D, 0 <k <n —2,

z
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is uniquely solvable for g € L1(D;C), v, € C(OD,C),0 < k <n—2 if and only if
for0<k<n-2

7
[\

z ok M) (C—2)MF
@ 2mi / U7 —zC (A—k)! 46
A=RE =1
(—1)nht g(¢) (C—z)n k2 B
R—— Z/ =2 (n—k—ay &dn =0
I¢l<1
and the solution then is
n—2 -
_ (—-1)F 1 ((—2)"
O w0 = LS |/1 (O
=yt 1 ((—2)"?
g [ et
I¢l<1
4 Main Results
In (1), introducing the new function
(9) 2w = g,g9 € L1 (D;C),

the boundary problem is reduced to the following Dirichlet problem

(10) gz +cg. = f; f € Lp,(D,C),p > 2

(11) glop = -1

which is Dirichlet boundary value problem for the Beltrami equation.
If g(2) is plugged into in (1), we come across

(12) 02w = g(z),9 € L1(D;C)

z

(13) Okwlop =, 0 <k <n— 2,7 € C(ID,C)

Dirichlet boundary value problem.
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So, theorems in previous section will apply. By rewriting g(¢) in (7), and chang-
ing order integration, we can get

n—2 _ -
z ak M) (=2 F
(14) ;k 2mi / (=)= 2 (A—k)! de
=k =
(=pr-ht 1 ((—2)"F2  dédn
o Z|t1 7"‘1“%'(4 = k21 —z0 ¢

(=t 1 C—2)""* 2 (t=() d€dn
" Z/%l(t) / (k=2 t—C—ct—Q (120"
[t[=1 I¢l<1
o () dedn
: e e

[t|<1 [¢<1
= 0.

Evaluting with Cauchy-Pompeiu representations for second term of (14), one can
get

1 (C—2)"F2  dedn
(15) pe / (n— k=21 —30)t—C
¢l<1
I ) L 1 (=2 ! d¢
T (n—k—-D(1—-%t) 2mi / (n—k—DI1-20)¢—t
¢l=1
Hence
1 / (=2t a 1 / (RS
27i 1-%z) ¢—-t 2mi (C—2) 1-1
¢cl=1 I¢]=1
_ 1 (C—Z)n_k_Q -
= T | o %70
I¢]=1
we get

1 (C—2)" "2 dednp  (T=z)" !
WQZl n—k—2)1-20t—C (n—k—1(1—zt)

And similarly, the other term of (14) can be simplified that

oy (C=2)" "2 ct=¢) _ded
L (n—k—2)t—C—ct—¢) (1-20)

> (_l)r—lcr (Z)T_l r e (m)n—k—i-r—l
=2 iy =Y <,,> n—ktv_1

r=1 v=0
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and

1 / Tt dédy
T n—k=2t—¢—ct—¢) (1-%20)

\C|<1
r 1 cr )n k+r—1

t—z
1/+1

So, the solvability condition (7) can be found as

n2,

ZQm / " klm— zC (C()\_—Z)Ij)_'kdC
- I¢l=1
<=1
s [0y n_’”_} 1(2_);;)7- N
I¢]=1 = v=0
N 0 =T A = S
=0. o :

For the solution, by inserting g(¢) into (8) and changing order integration, it gives that

Q€2
v kz e
I¢1=1

(_l)nfl 1 (@)7172 dﬁdn
o [ ve0n | e
[t|=1 I¢|<1
(- 1 C=2"2  f=0
" 2mi tl/l 7n_1(t>7r<[1 (n=2)C—=2)t—C—c(t—2) dedndt
n 1 )n—2 dfdn
t|[1f <|[1 n*2) (= Z)t—C—c(t—g)dtldt

Observing that
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1 (C—=)""% dédn
[

™ n—2)(¢—2)¢—t

I¢I<1

1 (¢ —2)2 1 1

__wlqll (n—2)(t — 2) <g—t_g—z)d5d”

B e S WS S O o
(=Dt —2) 27ri(n—1)!(t—z)7r/< ¢—t (—=z >d€

I¢]=1

_ (=2 1 Ve (L 1\
C (n— Dt —2) +2m(n_1)!(t_2)ﬂ|<[1(c " (1—t§ 1—2() ¢
_ (t—Z)n_l

(n—1D(t—2z)’

by some calculations for the other integrals, one can find that

1 ((—2)"2 c(t =)
- / -t —ct=0"™

¢l<1
B 1 ad (=2t ! (=1 [r
_(n—Q)!;C (t—2z)r Z,Z:()n+y_1<y>

and

1 / (C—=)"? d€dn
(n =2 =2)t = —c(t—0)

Vs
I¢l<1

R T S (e I e G N £
_(n—z)!;c(t—z)r+1;)n+u—1<y>'

Finally, the solution is obtained that
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n—2

_ D* [ wQ) (€ —2)*
wz) = ¢ 2mi / k! (C—2) d
I¢l=1

(-t (€—2)""
o / 1O G =%

i

0 ; r 1T (_1)1/ p
Yn— 1 ' Zlc Z ntv—1 ¢
e . r—l r (71)1/
/ S e mzow_l(;)dwn-
¢l<1 V=

r=1

We proved the following theorem:

Theorem 6 In the unit disc D = {z € C: |z| < 1}, the boundary value problem for
lc| <1

(16) w4 0,02 w = f(2), f€LyD,C), p>2, n=1,2,...,
(17) X wlop = v, W € C(AD;C), 0<k<n—1

is solvable, if and only if the functions f,~ satisfy that for all z € D

z / (—1) 7€) (@)A"“dg

1-2 (A—k)!

(_1)n—k—1 B (Cj)n—k—l
s [y _d

2mi n—k—1)1(1-2¢)
[¢l=1
(_1)717]{3717 et r 1 r (z)rfl T A (Cj)nfk+'r71
+ omi - / -1 Zl (n—k—2)! 1—2@“)*20(71) v n—k—!—u—ld(:
I¢I=1 = Y=
n k—1 oo r 1 P u r Cf)n—k+r—1
/f Z 1_Z<r+1z +(>n_2+y_1d§d77
lci<1 r=1
=0
and
1 2+cz( z z / ()
— n— — d¢ = — ——d&dn.
27 /’Y 1(C)1+cz§1—§C ¢ s 1-2zC+cz(¢—2) Sdi

<=1 I¢l<1



The Dirichlet boundary value problem 47
In this case, the unique solution is
n—2 -
_ (=DF [ w(Q) (C=2)"
wlz) = = 2mi / El (¢ — =) d
- I¢]=1
(-1 (=
T ’Yn—l(ode
I¢1=1
(=1 R () M N G VL £
* 2mi / ’Ynl(C)(n—Q)!E_:lc (C—2) Z(]n—i—y—l(V)dC
<=1 = "
(-t R U () L S G D £
o f<<)(n—2)' z_;c ((—z)”lzn—i—u 1<>d§dn
¢I<1 =
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On certain subclasses of analytic functions involving a
linear operator associated with the Fox-Wright Psi
function

V.B.L. Chaurasia, Devendra Kumar

Abstract

The objective of the present paper is to obtain some applications of first
order differential subordinations and superordination results involving a linear
operator associated with the Fox-Wright psi function and other linear operators
for certain normalized analytic functions in the open unit discs.

2010 Mathematics Subject Classification: 30C45.
Key words and phrases: Analytic functions, Differential subordination,
Superordination, Sandwich theorem, Fox-Wright psi function, Linear operator.

1 Introduction

Let H(U) be the class of analytic functions in the unit disk U = {z € C: |z |<
1} and let H [a,k] be the subclass of H (U) consisting of functions presented in the
following manner

(1) f(2) = a + ap 2"+ apyr 2P+ (a € C).

Also, let A be the subclass of H(U) involving the functions of the form

(2) f(z) = 2+ Zakzk.
k=2

If f and g are member of H(U), then the function f is known as subordinant to g,
if there exists a Schwarz function w, which (by definition) is analytic in U with |w
(z) |< 1 for all z € U, such that f(z) = g (w (2)). In such case we write f(z) <
g(z). Furthermore, if the function g is univalent in U, then we have the following
equivalence, (cf., e.g. [3], [10] ; see also [11]):

f(z) = g(2) & f(0) = g(0) and f(U) C g(U).

49
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Suppose p and h are member of H(U) and ¢(r, s,t;2) : C3xU — C. If p and ¢ (p(z),
zp’(z), 22 p”(2) ; ) are univalent and if p satisfies the second order superordination

(3) h(z) < é(p(2), z0'(2), 22 9"(2); 2),

then p is a solution of the differential superordination (3). Note that if f is sub-
ordinate to g, then g is superordinant to f. An analytic function q is termed a
subordinant if q(z) < p(z) for all p satisfying (3). An univalent subordinate ¢ that
satisfies q < ¢ for all subordinants of (3) is known as the best subordinant. Miller and
Macanu [12] derived conditions on the functions h, p and ¢ for which the following
implication holds:

(4) h() < 6 (p(z), 7p'(z), #'p"(2); 2) = a(2) < (7).

Ali et al. [1] have found sufficient conditions for certain normalized analytic functions
f(z) to satisfy

f(z)
f(z)

where ¢; and g2 are given univalent functions in U. Sanmugam et al. [16] derived
sufficient conditions for the normalized analytic function f to satisfy

(5) a(z) <z < q2(2),

q1(z) < Zf;,z()z) < q2(2)
and )
q(z) < 1) < q(z2).

{f(=)}?

Furthermore, they also obtained results for functions defined with the help of Carlson-
Shaffer operator. The Fox-Wright psi function is defined and represented as follows
[18, p.50]

a1,A1) 5., (g, Ag); }

©) e [Gaoe ] = (B R
[e'e] q -1 n
:Z< Fal—l-An)( ,Bz-f—Bn) %,
n=0 \i=1
where o, € C (i = 1,..,q), 0 € C(i = ,s)and the coefficients A; €
Ri(i = 1,...,q) and B; € R+( = 1,...,s) such that

s q
14+ > Bi=> A;>0(qs € No= NU{0}).
=1 =1

The normalized Fox-Wright psi function 417 (z) in series form is represented as

x| (i, Ai)1,q5 _ H?:l INEED) (1,A1) 5., (g, Ag) ;
(7) a¥s |:(5i7 ')15 ;Z} - 3:1P(ai) a¥s (,311,311), ,(ﬁZ,BZ) Z}



On certain subclasses of analytic functions 51

The 415(z) is a special case of Fox’s H-function H,;" (z)(see [18, p.50]) and 417 (z)
is a generalization of the familiar generalized hypergeometric function Fs(z),

n

IS

| )

3

Qi)l,q; at),..., (ag); = (Oé )n...(Oé )n
(8) oFs [Eﬂn)ll,s ;Z} = qF;s [Eﬂb) ,...,(ws)) ;Z} - ;M

where (), is the Pochhammer symbol defined in terms of the gamma function I
by
I'(a+mn)

(Oé)n = F(Oé)

Corresponding to a function L (av, ..., aq; A1, ..., Ag; b1, .., Bs; Bi, ..., Bs; 2) defined
by

(9) L (a1, ...,aq; A1, ..., Ag; B, .., Bs; Ba, ..y Bsiz) = 2z (9% (2).
We consider a linear operator

Lys(at,...,aq; Aty ... Ag; B, Bs; B1, ..., Bs) + A — A
defined by the convolution
(10) Lys(o,...;0q; Av,y .y Ags Br, .., Bs; B, ..y Bs) f(2)

= L (o,...,0q; A1, ..., Ag; B1,..., Bs; Bi, ..., Bs; 2) * f(z).

For brevity, we write

(11) Lys(aq) = Lgs(ai,...,aq; Ar, ..., Ag; B1, ..., Bs; Bi, ..., Bs),

then one can easily verify from the definition (10) that

/

(12) z (AjLgs(a1) f(2)) = arLlgs(on +1) f(z)

— (a1 — A1) Lgs(an) f(2).

Special cases of the operator L, s(1) f(z) includes Dziok-Srivastava linear operator
(cf. [8]), the Carlson-Shaffer linear operator [5], the Cho-Kwon-Srivastava operator
[6], Choi-Saigo-Srivastava operator [7], Libera operator [9] and the d—Ruschewey
derivative operator [13].

In this paper, we obtain sufficient conditions for the normalized analytic function
f defined by using the linear operator L, s(cv1)f(2)to satisfy

z

I
n(z) = <Lq,s<a1>f<z>> = 2l)

and ¢; and ¢o are given univalent functions in U.
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2 Definitions and Preliminaries

In order to prove our main results, we require the following known results.
Definition 1 [12]. Denote Q the set of all functions f that are analytic and injective
on U\E(f), where E(f) is given by

E(f) = {€€0U : lim f(z) = oo},

and are such that f'(€) # 0 for & € QU\E(f).
Lemma 1 [11]. Assume that q be univalent in the unit disk U and 6 and ¢ be
analytic in a domain D containing q(U) with ¢(w) # 0 when w € q(U). Set

’

(13) ¥(2) = 2q(2) ¢(a(2)) and h(z) = 6(q(2)) + ¥(2).

Suppose that
(1) 9 (z)is starlike univalent in U.

(i) Re {zh(z)} > 0forz € U

P(2)
If p is analytic with p(0) = q(0), p(U) € D and
(14) 0 (p(z)) + 20 (2) 6(p(2)) < 0(a(2) + 24 (2) $(a(2)),

then p(z) < q(z) and q is the best dominant.
Lemma 2 [2]. If q be convex univalent in U and v and ¢ be analytic in a domain
D containing q(U). Suppose that:

(i) Re {v'(a(2))/¢(a(2))} > 0 for = € U,
(ii) Q(z) = 2z q () ¢(»)is starlike univalent in U.
If p(z) € H [q(0),1] N Q with p(U) C D, and v(p(z)) + 2p/(z) is univalent in U and

(15) v(a()) + 24 (2) $(a(2) < v (a())+ 2p (2) ¢ (p(2)),

then q(z) < p(z) and q is the best subordinant.

3 Application to linear operator associated with the
Fox-Wright psi function
Unless otherwise stated, we shall assume the reminder of this paper that v, &, § €
C and g, p € C* = C\{0}.
24 (2)

Theorem 1. If q be analytic univalent in U with q(z) # 0. Suppose that 76 is
starlike univalent in U. Let ~, &, § € C; 8, u € C* satisfy:

(16) Re {1+ gq(z> i QB‘S(Q(Z))Q_ zq(2) N Zq”(z)} _—
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and

n
(17) vlan&d it =1+ (o)
qs 1

2p
5 z ) 5/1«041 [ _ qs(a1+1) ( ):|
8 Cw i) MR vl el o oy
If q satisfies the following subordination:

(1) o188 f) < 7+ €als) + Bl + o L5,
then
1 z ' o
. (Totarre) <o) e

and q is the best dominant.
Proof. Let us define a function p as follows

z

(20) p(z) = (L()f(z))“ (2 €U;speC).

g,5\1
Then the function p is analytic in U and p(0) = 1. So, on differentiating (20)
logarithmically with respect to z and using the identity (12) in the resulting equation,
we get the following result

z a z 2
(21) ”+§<meuﬂ@> +5<meﬁﬂ@>
LB [} Lyslea +1) FG)] . ey 5, P
Al{l L@ £(2) ]‘”+€”>*‘““)>+5 ()

Now using the results (21) and (18), we have

@) 4epe) + e+ 8T <yt a) + ola)? + 52 L0

Setting O(w) = v + &w + dw?and p(w) = g, it can be easily observed that 6 is
analytic in C, ¢ is analytic in C* and ¢(w) # 0 (w € C*). Hence, the result now
follows by using Lemma 1.

Putting q(z) = (1+Az)/(1+Bz) (-1 < B < A <1) in Theorem 1, we get the
following result presented in the form of corollary.
Corollary 1. Let -1 < B < A <1 and

e {Hg (1+Az)+26 (1+Az>2_ (A+ B +3AB) } -

B \1+Bz) " B \1+B:= (1+ Az) (1+ Bz)
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holds. If f(z) € A, and

z " z M Bpar [, Los(an+1) f(2)
”“(Lq,s(m)f(z)) +5<Lq,s(a1>f(z)> T4 [1 Lys(on) /(2)

2
1+ Az LS 1+ Az Iy (A—B)z ’
1+ Bz 1+ Bz (1+ Az2) (14 Bz)

< 7+ (
then z " 1+ Az o
<Lq,s(a1)f(Z)> X Typ W

is the best dominant.

142 v
11—z

interesting result given in the form of corollary
Corollary 2. Assume that (16) holds. If f € A, and

z # z 2u Buan B Lys(on +1) f(2)
Lq,S(al)f(Z)> i (Lq,s(al)f(z)> - Ay [1 Lys(ar) f(2)

1+2\" 14 2\% B2z
< 7+ (1—z> +5<1_Z> + a2

() < (i5) wecwo<rsy

14
and (HZ) is the best dominant.

1+ Az
1+Bz

Putting ¢(z) =

and

(0 < v < 1) in Theorem 1, we obtain the following

7+§<

then

1—
Taking A; = 1(i=1,...,q) and B; =1 (i = 1,...,s) in Theorem 1, we have the
following Corollary which is the same result recently obtained by Mostafa [13].

Corollary 3. Let q be analytic univalent in U with q(z) # 0. Suppose that zqq(z()z)

is starlike univalent in U. Let ~, £, 0 € C; B, u € C* satisfy:

3 26 2 24(2) | 24 (2)
Re {1+ Bq(z) + ?(q(z)) - e + 70 } > 0,

q,s(aﬁf(z))“

() + e [1- At IO

If q satisfies the following subordination

(23) C(ala’%gadaﬁvﬂﬂf) = 7_‘_5 (H ©

(a1, 7, 6,8, 8,1, f) < v+Eq(2) + 6(q(2)*+ B2
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then

<M>H < q(2) (neC

and q is best dominant.

Taking A;=1(1=1,..,q),B;=1(1=1,...8),a1=a>0,6=c>0,a; =1(j
=2,...,9) and f; =1 (j = 2,...,s) in Theorem 1, we have the following Corollary
which improves the result obtained by Shanmugam et al. [15, Theorem 3.1].
Corollary 4. Let q be analytic univalent in U with q(z) # 0 and condition (16)

holds. Suppose also that %Z()Z) is starlike univalent in U and

(24) V(7,66,8,p) =v+¢ <W>“+5<M>

L(a+1,¢) ]
L(a,c) f(2)]

2p

+Bua [1 —
If q satisfies the following subordination

q (2)
q(2)’

V (1,66,8,1n) < v +Eq(z) + 3(q(2))* + B2

then

(L(ac?f(z))ﬂ < q(2)  (n € C)

and q is the best dominant.

Theorem 2. If q be convex univalent in U, ¢(z) # 0 and %Z(Z) be starlike
univalent in U. Assume that

(25) Re {265((1(7:))2—1— éq(z)} >0 (z € U).

If f € Aa 0 7é (m)ﬂ € H [q(O),l] ﬂ Q7¢(017775757/87M,f)15 univa-

lent in U, and 5 + £q(2) + 0(q(2))* + B2 LE < v(a1,7,£,6,8.p, f), where
1/)(011,%5,5,5,,u, f) is given by (17)7 then

z

I
(26) 4(:) < (qus(al) f(z)) (n e C7)

and q is the best subordinant.
Proof. Taking

v(w) = v+ fw + 6w? and d(w) = g,

it is easily observed that v is analytic in C, ¢ is analytic in C* and ¢(w) # 0 (w €
C*). Since q is convex (univalent) function it follows that

c { <q<z>>} ~ Re {25<q<z>>2+ 5q<z>} /() >0 (2 €U).

¢ (q(2)) B B
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Thus the assertion (26) of Theorem 2 follows by an application of Lemma 2.
Taking A; = 1(i = 1,...,¢)and B, =1(i = 1,...,s) in Theorem 2, we have the
following corollary which is the same result recently obtained by Mostafa [13].

( )

Corollary 5. Let q be convex univalent in U, ¢(z) # 0 and = q be starlike uni-

valent in U. Assume that (25) holds. Iff € A, 0 # (W) € H[q(0),1] N Q,
¢ (a1,7,&,6, 8,1, f),is unlvalent in U, and

vH+€a(z) + 6(a(2))° + Bz q(j) < ((01,7,€,0, 8,1, f),
where ((a1,7,&, 3, 8, 1, f) is given by (23), then

z

) = () we0

and q is the best subordinant.

Taking A; =1(i=1,...,q),Bi=1@1=1...8),a1=a>0,6=c>0,a; =1
(Gj=2,...,9 and B; =1 (j = 2,...,s) in Theorem 2, we have the following corollary
which improves the result of Shanmugam et al. [15, Theorem 3.6].

Corollary 6. Let q be convex univalent in U, ¢(z) # 0 and %Z(Z) be starlike uni-
valent in U. Assume that (25) holds. If f € A, 0 # (L(a a7 (Z)> € Hq(0),1] NQ,
V(~,€,0,8, 1) is univalent in U and

y4+Eq(z) + 0(q(2))*+ B2 ‘fl((zz)) < V(7,&,6, 8, 1), where V(v,€,0, 8, 1) is given by
(24) then

i) < (foag)  weO)

and q is the best subordinant.

4 Sandwich result

On combining the Theorems 1 and 2, we get the following theorem.
Theorem 3. Let ¢; be convex univalent in U and ¢y be univalent in U, q1(z) # 0
and ¢2(z) # 0 in U. Suppose that g2 and ¢ satisfy (16) and (25), respectively.

n

1) €40 # () € Ha0),1] N Qand
2p
z B Lg,s(c1+1)f(2) | - . .
1+ () 40 (mmormm) 4 (1 S is wnivalent in
U. Then /
¢1(2)

a(2)

Bua [ Lgs(a1+ 1)f(z)}
Lg,s(n) f(2)

v+ Eq(z) + 0(qu(2)?+ Bz
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implies that

z

u *
q(z) < <M> < q2(2) (n € C”)

and g1 and ¢y are, respectively, the best subordinant and the best dominant.

5 Conclusions

In the present article, we have obtained the subordination and superordination re-
sults involving a linear operator associated with the Fox-Wright psi function for a
family of analytic univalent functions in the open unit disk. Further, these results
have been applied to obtain sandwich results. It is interesting to note that the
subordination and superordination results contain a linear operator associated with
the Fox-Wright psi function, which is the most generalized operator. Finally, we
mentioned that the results obtained in the present work provide an extension of the
results available in the literature and improve the existing results.
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About on equality

Ioan Tincu

Abstract

In this paper is given an equality for Bernstein polynomial.

2010 Mathematics Subject Classification: 26C05,12E10.
Key words and phrases: Taylor polynomial, Bernstein.

1 Introduction

Let II,,(R) the set of all polynomials on degree at the most n with real coefficients
and the polynomial Taylor

ok
(@) = Y 7 P00), f € My (R) ([3)).
k=0
2 Principal results
Since f € II,,(R), it follows
n k)
@) = @)@ = 30 L O gt
k=0 )
n (k) n—k . ‘
SRS S L PR
k=0 ’ j=0 J
N SPN0) - (n—k k
_k:O . j=k <j_k>x] e
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62
& m0) & (1) <n> i oy
kzzo B0 i)* (1-w=)
ny A (k)
Denote bjj, = j(;l;), ¢j <?)x] (1—x)"7, a = fkk‘(O)
J

Propertie 1 For ay,cj, by € R, k,j € {0,1,...,n}, we have
n n n k

0 SUDSIES S ST
k=0  j—k k=0  j—=0

n

Proof. We can write " "
ar Y bjkciao Y bjocs
k=0  j=k Jj=0
n n n
“+aq Z bj,lcj + a9 Z ijCj +...+ay Z bijj
j=1 j=2 j=n
= ao(b(),()CO + b17061 + b27002 + ...+ bn,Ocn) + (11(617101 + b27162 + ...+ bmlcn)
—|—(I2(b2,262 + b3’263 + ...+ bmzcn) 4+ ...+ anbnmcn

=cp - CLObO,O + Cl(aobl,() + Cblblyl) + CQ(aobgp + albg71 + agbgg) + ...

n k
+Cn(aobn70 + albml + agbmz + ...+ anbn,n) = Z CL Z ajbj,k.

k=0 j=0

We obtain i ( )
 (n e S0 G5

fa) =3 (1)t -y 0 B

k=0 k 7=0 ‘7' (k)

n k k!
n e f(]) 0 71
_ <k> 2k (1 — z)nk Z '( ) 1 nlj)
k=0 =0 7 =)

k=0 k =0
n k
S (a1 iy SO Rk Dk =)
n k
_ W\ k(g _ gk FO0) (=k);
- k=0 <k> = JZ_% J! (—n);’

where
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F90) (~k)

q ( )‘j . We consider the linear operator: @, : II,, —
7] —n)j;

k
Denote s, ,(f) = Z
j=0
II,,, define by

" (ne); f90)

‘= )y g

We observe

Sl f) = <an)(k)-

Therefore . :
1@ =3 (3)0 -0 @ ;)
(@) = (Bo(@u)a),
where

n o k
) =3 ()0 -t (),
is Bernstein polynomial ([1], [2]).

For f(z) = 2',1 € {0,1,...,n} we obtain

n )J

(an)(l‘) = Z ((__nnx) " . l(l — 1)([ —j+ 1)

I
4! £ |=0=
- ] .
7=0

= (Bn(an))<f)7 le {07 1,2, ,TL}

Particular cases:

1) 1=0=1=(Bug)(a), gx) = 1.

2)l=1= 2= (Bng)(z), g(x) = z. X

3)1=2 a2 = (Bug)(a), g(o) = "2 1
B1=3= 2 = (Bug(a). glo) = Lt 22
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Subclasses of p-valent meromorphic functions defined
by linear operator

R. M. EL-Ashwah, M. E. Drbuk

Abstract

In this paper, we introduce and investigate some properties of the class
MZ”\(p;B,A, B) and its subclass M;s”\(p;B,A,B) of meromorphic p-valent
functions with positive coefficients, which are defined by linear operator. In par-
ticular, some inclusion relations, coefficients estimates, distortion theos, radii of
meromorphically p-valent, neighborhoods, partial sums and Hadamard product
are proven here for these functions classes.

2010 Mathematics Subject Classification: 30C45.
Key words and phrases: p-Valent meromorphic functions, starlike functions,
linear operator, neighborhoods, partial sums, Hadamard product.

1 Introduction

Let ¥, denote the class of functions of the form

(1) fR) =27+ anpz" P (peN={1,2,.1}),
n=1

which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 < |z| <1} = U\{0}.
A function f € ¥, is said to be meromorphically p-valent reverse starlike of order

« if it satisfies )
z 1
_Re{zf’(z)} > o (O§a<];).

Recently, more and more researchers are interested in the reciprocal case of the
starlike functions (see [10], [20], [26], [15], [16], [25]).

65
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For two functions f;(z) € ¥,(j = 1,2) are given by

1
— . =P
= + E Op—pjz *.
n=1

Hadamard product (or convolution) of f,(z) and f,(z) in 3, is given by

(i £ () = o + D tnpitnp2e™™ = (5 1) 2).
n=1

For two functions f(z) and F'(z), analytic in U, we say that f(z) is subordinate to
F(z), written symbolically as follows:

f<FinUor f(z) < F(z) (z€U),

if there exists a Schwarz function w(z) € €, which (by definition) is analytic in U
with
w(0) =0 and |w(2)] <1 (zeU)

such that
f(2) = F(w(2)) (z€U).
Indeed it is known that
f(z) < F(2)(zeU) = f(0)=F(0) and f(U) C F(U).
In particular, if the function F'(z) is univalent in U, we have the following equivalence
f(z) < F(2)(z€eU) < f(0)=F(0) and f(U) C F(U).

El-Ashwah and Bulboaca [6] defined the linear operator:

[e.9]

1 d \°
s - n—p
£ral?) = 2P +nz:1 (n+d> :

(seC;deC"=C\{0,-1,-2,...};2 € U")

by setting
B 1 [e%S) n+d s -
o + z_:l < ) z
and
(724 7) @ =——— (>0
P Tpd 2P (1—z)

we, obtain the linear operator

s)\ _i - sA)n n—p
Toa BV =5 z::<n+d> W,
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which is defined by

o

o a3 () e

(A>0,s€C;deC*zeU"),

where f € ¥, is in the form (1) and (v), denotes the Pochhammer symbol given by

F'v+n) |1 =
(V)n_r(y)_{ viv+1)..(v+n—-1) (neN).

It is readily verified from (2) that

(3) AT () = AT () = A+ p) TN (2) (A>0)
and
(4) AT (2)) = TN f(2) = (d+p) T f(2).

Remark 1 (7) jlf’dlf (2) = P§f(z) (a,8>0) (see Lashin [12]);

(i) T 1f(2) = Po‘f( ) (> 0) (see Aglan et al. [5]);
(iii) jf; f(2)=F,f(z) (v>0) (see [[17], p.11 and 389]);
(iv) Jfff(z) = J Af(2) (see [6]);

(v) I, “Uf(z) = Fi(a,c2)f(2)  (see El-Ashwah [7]);

(

vi) Jlsdlf( ) =L5f(2)f(2) (see El-Ashwah [8]).

By using the linear operator defined by (2), we define a new subclass /\/lfl’)‘(p; B, A, B)
of ¥, as follows: For pf >1,-1< B <A<1,v

i p [ T REYE
(5) 1—pB s I 1+ Bz
2 (73 ()
which is equivalent to
!/
2 (7200 () |4 B2

(6)

_< —_
pTi f (2) 1+ [A-pB(A-B)lz
or equivalently, the following inequality holds true

) T ) +2(732 1)
Blpgi o f(2)+2 (750 1)) 1+1-p8)(A-B)= (752 (=)

7|<1

(7)
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Remark 2 (i) Putting s=0,A =1,A=1-2a(0 <a < 3),B=-1,Tf(2) =
f(z),if f e Mg’l(p;ﬁ, 1 —2a,—1), we have

p (), )L 1020
T <zf'<z> *5) ) |

which is equivalent to

(ii) Putting p = 1, we have

L <§(()) ”) o

AISJ?; we say that a function f € MZ’/\(p;ﬁ,A,B) is in the analogous class
/\/lds’)‘(p;B,A, B) whenever f(z) is given by

(8) f(2) =27+ lan|z" (pEN)

Inclusion Properties of The Class MZ’)‘(p; B, A, B)
We need the following lema which is popularly known as Jack’s lema to prove
our theorem.

Lemma 1 [9]. Let w(z) be a non-constant function analytic in U with w(0) = 0.
If |w(z)| attains its mazimum value on the circle |z| =r <1 at z9 € U, then

/

zow (20) = yw(20) ,
where v > 1 is a real number.
Theorem 1 If

p(A—B)(ps—1) (>1§B<A§L1<B< 1+A
p b

A> DA D)

1+ [A-pB(A-DB)]

;p €N),

then
MM (p; B, A, B) € M5 (p; 8, A, B).

Proof. Let f € MZ’/\H (p; B, A, B) and suppose that

(9) £ Tl C)
PO\ (s @)

where the function w(z) is either analytic or meromorphic in U with w(0) = 0.

14+ Aw(z)

1 T e
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Then, by using (3) and (9), we have

ATpa 1) A+ {(A+p)[A —pB(A - B)] - Bpjw(z)

(10) j:i\f (2) 1+ [A—pB(A— B)w(z)

Differentiating (10) logarithmically with respect to z and making use of (6) once
again, we obtain

/
s,A+1
i (*7 bt (Z)) p(A—B)(1—pB)=’ (2)

TN f(z) | OFOFAA=pAA-B)- Bl (14 [A=pA(A= B

p(1 + Bw(z))
1+ [A = pB(A— B)lw(z)

(11) -

Now, assuming that

(12) max |w(z)| = |w(z0)] =1 (20 € U)

|2|<]=0l

and applying Jack’s lema, we have

’

(13) 2w (20) = yw(z0) (v =1).
If we set w(zg) = € (0 < 0 < 2) in (11), we have

pT >N f (20) + 20 (Zf;j\ﬂf (Zo))/
BIDTf () + 20 (T30 F () 1+ (1= p8)(A = Byzo (T34 (z0))

2

_ ‘ (v +A) + {(A +p)[A - pB(A - B)] - Bp}e®
A+{[A-pB(A—B)I(A+p—n)— Bp}e”
20y +{(2A + 2p — v)M — 2Bp} + 27((2A + p)M — Bp) cos 6
A+ {M(X+p—~)— Bp}e|?
where M = A — pB(A — B).
Set

)

(14)  g(t) =72+ 20y +v{(2\ + 2p — v)M — 2Bp} + 27((2\ + p)M — Bp)t

Then
g)=~v1+M){2 XA+ M) +~1 - M) —2p(B— M)} >0

and
g(=1) =~v(1-M){2X\1 - M) +~(1+ M)+ 2p(B— M)} >0,
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which, together, imply that

(15) g(cosf) >0 (0<6<2m).

In view of (14) and (15), it would obviously contradict our hypothesis that
fe MM (p; B, A, B).

Thus we must have
lw(z)] <1 (2 €U),

and we conclude from (9) that
f € My (p: 8, A, B),
which evidently completes the proof of Theorem 1.

Theorem 2 If

p(A— B)(pB — 1)
Beld) = T A paa— )

1 1+ A4
(—1§B<A§1;]—9<B<p + ;p €N),

(A-B)
then
M (p; B, A, B) € M5 (p; 8, A, B).

Proof. Making use of (4), the proof of Theorem 2 is similar to that of Theorem 1,
so it is omitted.

Theorem 3 Let § € C such that

A—-B)(ps—-1 1 1+ A4
p( )(pﬁ ) (_1<B<A<1;p<ﬁ<+;p€N).

Re(6) > W(A- D)

~1+[A-pB(A-DB)]

If f(z) € MZ’)‘(p; B, A, B), then the function Fj(z) is defined by

(16) Fs(z) = Z;ip jgzta+p_1j(t)dt

also belongs to the class MZ’)‘(p; B, A, B).
Proof. Supoose that f € MZ”\(p;ﬁ,A,B) and put

p [ IREG
1 - pﬁ z (j;;i)\Fg (Z)),

14 Aw(z)
14 Bw(z)

(17) +8| =
From (16), we have

’

2 (T20F(2)) = 8T30(2) — 6+ DT Fs(2)
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which implies that

() s

) = — —(0+p) .
T5NFs (2) TN Fs(2)

(18)

where the function w(z) is either analytic or meromorphic in U with w(0) = 0. Then,
by using (17) and (18), we have

/

2 (7224(2)

T f (2)
p(A—B)(1—ppB)zw’(2)
(6+{(6+p)[A—pB(A—B)]—Bp}w(2))(1+[A—pB(A—B)lw(2))

p(1 4 Bw(z))

19 —
(19) [+ A pB(A - B)lw(z)
and
He)
T sh,., . TD
TN (2)
p(A—B)(1—pB)zw’(2)
(0+{(0+p)[A—pB(A—B)]|-Bp}w(z))(1+[A—pB(A—B)|w(z))
A— B)(1 -
(20) p( )(1 = pB)w(z)

T+ (A pB(A - B)lw(z)
Thus, the proof follows similar that proof of Theorem 1 and assume that (12) and
(13) hold true. Putting w(zg) = (0 < < 27) and setting z = 2o in (19) and (20),
we have

!/
pIZM f (20) + 20 (Jj;ff (Zo))

7 -1
BIpJyi f (z0) + 20 (F5f (20)) 1+ (L= pB)(A = B)zo (T35 (20))

/

/ 2
k)
T F(z0)
B 20(T32 1 G0) w(ggase) | :
B _\par ) 1— A—By—22" " 7/
2

(v +6) + {(6 + p)[A — pB(A — B)] — Bp}e

S {A—pBA-B)6+p—n) Bpje? |

_ Q(0)
6+ {[A—pBA—B)(G+p—7) - Bpje”
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where
12 12
O0) = |(r+0)+{(E+p)M = Bp}e| |5+ {M(6+p—) - Bp}e”
= 2vRe(8) +~% +~v(2Re(8) + 2p — v)M? — 2pByM
+2vcosO(M(2Re(d) + p) — Bp)
(22) (M=A-pB(A-—B);-1<B<A<1;v>0;0<0<2m).

Then by condition

p(A—B)(pf—1)
Reld) 2 T A= ppa—BY

we have
Q(0) = 2yRe(8) +~*+~(2Re(0) +2p—~)M? —2pByM +2y(M(2Re(8) +p) — Bp) > 0
and
Q1) = 2yRe(8) +7? +v(2Re () +2p—~) M? —2pByM —2~v(M (2Re(8) +p) — Bp) > 0
which imply that
(23) Q0)>0 (0<60<2n)
In view of (23) and (21), it would obviously contradict our hypothesis that
fe MMNp; 8, A, B).

Thus we must have
lw(z) <1 (2€l),

and we conclude from (17) that
Fy(2) € M3 (p; 8, 4, B),

where the function is given by (16).
The proof of Theorem 3 is completed.

Theorem 4 Set —1 < B < A<1;pB > 1;\deER, the function [ € ./\/lfl’k(p; B,A, B)
if and only if Fx\(z) given by

(24) F\(z) = Zj:rp /OZ AL (1) dt
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belongs to the class MZ’)‘H(p; B, A, B).
Proof. By using (24), we have

Af(z) = (A +p)Fa(2) + 2(Fa(2))
which, according to (3), we have
ATZM(2) = A+ p) T2 Fa(2) + 2(T5N Fa(2)) = AT 5 R (2).
Therefore, we have
TN (2) = T5MRA(2)
which gives the result.

Theorem 5 Set —1 < B < A < 1;pB > 1 the function f € MZH”\(p;B,A,B) if
and only if Fy(z) given by

d % arp1
:zd+p/0 pP1f() dt

belongs to the class /\/lfl’)‘(p; B, A, B).
Proof. The proof of Theorem 5 is similar to that of Theorem 4, so it is omitted.

Basic Properties of The Class /\/l:;s’)‘(p; B, A, B)
Throughout this section, we assume that

(25) Fa(z)

—-1<B<A<1;pB>1;A2>0,deC"seC.

We first determine a necessary and sufficient condition for a function f(z) € X, of
the form (8) to be in the class M;s’)‘(p; B, A, B).

Theorem 6 Let the function f(z) be given by (8). Then f(z) € M;s’)‘(p;,B,A, B)
if and only if

1, "

ni[(”“’) (-5 +n(a- s -1 ( ;)

(26) <p(A-B)(ps-1).

Proof Suppose that f(z) be given by (8) in the class M;S’)‘(p; B, A, B). Then from
(7) and (8), we have

) pkz}s’zi)\f(z)+z(jp5jd/\f(z)>/
BlpTiM f () + 2 (T3 (2)) 1+ (L= p8)(A ~ B)z (T3 (2))
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(27)

> s (A n
5 (n+9) (5%5)" G lan|2n P
”;” <1

p(pB—1)(A—B)+ § (Bp—i—nB)(m)S%mn\szrp— f n(pﬁ—l)(A—B)(L)s%|an|zn+p

n=p n=p ntd Dn

(z € U). Since |Re(z)| < |z| for all z, choosing z to be real and letting z — 1~
through real values, (27) yields

o0

> [(n+p)(1-B)+n(A-B)(ps—1) ’ <nid> &

m,

(28) <p(A-B)(ps—-1).

Conversely, we assume that the inequality (26) holds true.
Then, if we let z € QU we find from (8) and (26) that

TN () + 2 (T30 ()
BIpTi (o) + = (7501 (2)) 1+ (1= p8)(A— B)z (73 ()

!/

S ()| (5%5)° | 932 fan|
< 5
PEA-D(A-B)+ 3 [Blvtp)—n(A-B)p5-D)| ()| fylan|

(29) <1 (z€0U ={z€C:|z| =1}).

Hence, by the Maximum Modulus Theorem, we conclude f(z) € M;s’k(p; B, A, B).
This completes the proof of Theorem 6.

Corollary 1 Let the function f(z) be given by (8). If f(z) € M;s’/\(p;ﬁ,A, B),

then
p(A—B)(ps-1) ‘<n+d)s (1),
[(n+p)(1—B)+n(A-B)ps-1)] |\ d (M

(n=p,p+1,p+2,..;peN).

|an| <

The result is sharp for the function f(z) given by

- p(A— B)(ph —1) notdy’
(30)  f(z) = p+[(n—{—p)(l—B)-i—n(A_B)(pﬁ_l)]‘< d >

(n=p,p+1Lp+2,..;p€N).

Now, we prove the following growth and distortion theorems for the class
+
My* (0 8, A, B).
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Theorem 7 Let a function f(z) defined by (8) is in the class M;S’)‘(p;ﬁ,A,B). If
the sequence {Cp},_ is nondecreasing, then

(31) P - MARWILP < ()| < p 4 HASBEIDP (0 < [2] = 7 < 1),

where

(32) Cp = [(n+p)(1—B)+n(A—B)(P5_1)}’(nid>

(n=pp+1Lp+2..5peN).
If the sequence {Cy,/n},_ is nondecreasing, then
(33)
2 2
prfpfl_p (A_gz)(pﬁ_l)"f’pil < ‘f’(z)‘ < p?’ipil—i—p (A_Bgz)(pﬁ—l)rp*l7 (O < ‘Z‘ —r< 1) )
The results are sharp for the function given by (30.

Proof. Let the function of the form (8) in the class ./\/l:ls”\ (p; B, A, B). If the sequence
{C’n}zo:p is nondecreasing, then by Theorem 6, we have

= A= B)pE- 1)
(34) > | < BE—

p

n=p

and the sequence {C,,/ n}flo:p is nondecreasing, Theorem 3 also implies

S p*(A-B)(pB -1
(35) Zn|an| < c,

n=p

Thus, assertion (31) and (33) follow immediately.

Finally, it is easy to see that the bounds in (31) and (33) are attained for the
function given by (30), with n = p.

Next, we determine the radii of meromorphically p-valent starlikeness and mero-
morphically p-valent convexity of the class M;S’A(p; B, A, B).

Theorem 8 Let a function f(z) defined by (8) is in the class M;S’A(p;B,A, B).
Then we have

(i) f is meromorphically p-valent starlike of order §(0 < ¢ < 1) in |z| < r1, that
is

/
Re{_zf ("’)} >0 (]2 <r;0 <6< 1;peN),

pf(2)
where
1
— inf L A=0)[(n+p)A=B)+n(A=B)pB=1)] | ( _d_\°*| (), | =tr
(36) Tl*;gf,{ (A=B)(pB—T1)(n+op) (TM) <1>n} ’
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(ii) f is meromorphically p-valent convex of order §(0 < § < 1) in |z| < rg, that is

Re{—w} >0 (|2 <7250 <6 <Lip€N),

pf'(z)
where
1
_ p(1=8)[(n+p)(1=B)+n(A=B)(pB-1)] |(_a \*| N, | »*»
(37) ro = 7?;2{ "(A—B)(pB—T1)(nF3p) : (n+d) . }
Each of these results is sharp for the function given by (30).
Proof. (i) From the definition (8), we easily get
S > (n-+p) lan] 27
pf(2) n=p
@ || < . -
i) 720~ 2p(1=0) = > [n—p(1—26)]|an| 2"
n=p

Thus, we have the desired inequality

(39) zf(z)—pf() <1 (0<d<1;peN),
pf(z) +20-1

if

00 n+ 5 .
(40) Z i \nH!+p<1

n=p P
that is, if

(n+6p) |, n+p ~ [(ntp)(1—B)+n(A-B)(pS-1)]

(41) oo 12177 < p(A—B)(pB— 1) ( )

(n=p,p+1p+2,..;p€N).
The last inequality (41) leads us immediately to the disc |z| < r1, where r; is given
by (36).
(ii) In order to prove the second assertion of Theorem 8, we find from the defi-
nition (8) that

L4 Grey > n(n+p)lan| 2"
(42) pf/( ) < n=p
GI Y = 5 N
PPz T 20— 2p2(1—6) — 3 nn—p(l —20)]|an|[2]"*?
n:p

Thus, we have the desired inequality

14 &'@Y
pf'(z) <1 (0<d<L;peN),

(zf'(2) _1| -

(43)
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if

(44) Z el 77 <1,

that is, if

(45) nn+6p | P < [n+p)(1( f)gf((fg Jf;(pﬁ Dl ( 4 )s 8:

(n=p,p+1,p+2,..;peN).

The last inequality (45) leads us immediately to the disc |z| < 72, where 72 is given
by (37). The proof of Theorem 8 is completed.

Theorem 9 Let v > 0. If f € M;s’)‘(p;ﬁ,A, B), the function F(z) given by

F(z) = Zyljrp /0 L () dt

belongs to the class M;S’A(p; B, A, B).
Proof. Suppose that [ € M;S’)‘(p;ﬁ,A, B), from (26), we have

— [(n+p) (L =B) +n(A=B)ps-D] | _d \| N,
2 P(A—B)(pB— 1) (wra) |zl <1
Since
F(z)zzw/o Pl )dt—z*p+zy+n+p |an| 2¥,
we obtain
—[(n+p)(1-B)+n(A-B)ps-D] |/ d |\, v
2 (A= B)(ps—1) (e | @yl
—[(n+p)(1=B)+n(A-B)B-1] |/ d \°| (N,
<2 PA- B~ 1) () | e
< 1,

which implies that F(z) € M;S’)‘(p; B, A, B).

This evidently completes the proof of Theorem 9.

Neighborhoods and Partial Sums

Following the earlier works (based upon the familiar concept of neighborhoods
of analytic functions) by Rusceheweyh [21], and (more recently) by Altintas [2],
J. L. Liu and H. M. Srivastava [14], and M. S. Liu and N. S. Song [13], (see also
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11, 3,4, 11, 18, 19, 22, 23, 24]), we define the —neighborhood of a function f(z) € 3,
of the form (1) by

(46)  Ns(f) = {g €X,:g(z) =2+ anz"*p and

n=1
1 (a
(52) | &= lan] = [ball < 5}
n=1

(deC*seCA>0,peN;-1<B<A<1;ps>1)

i n(14+|A—pB(A—B)|)+p(A—B)(ps—1)
p(A-B) A1)

and if
e(z) =27 (peN),
then
Ns(e) = {g €X,:g(z) =2+ Z b, 2" P and Z n(1+|A*p6p((12*_%))‘();r6p_(?)*3)(p,B*l)
n=1 n=1

(%ﬂz)s\%w ga}.

Theorem 10 Let f € Mfl’)‘(p;ﬁ,A, B),(-1<B<A<1;pB>1) be given by (1).
If f satisfies the condition

(47) W € MPApiB,A,B) (e €Cile| <6:6>0)
then
(48) Ni(f) € M (03 8, A, B).

Proof. It is obvious from (7) that g € ./\/lfl”\(p; B, A, B) if and only if

pjjjg(@-%z(Jﬁfg(@)/
(49) a s s ! s 170
Bpg;g (2) + = (7509 (2)) |+ 1 = pB)(A - B)z (79 (2))

(c €Cslo]=1;2€ U"),

which is equivalent to

(g % h)(2)

i

(50) #0 (€U,

where, for convenience,

h(z) = zfp—i—z ez P
n=1
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[e.e]

Sl o(A—pB(A—B)+po(A—BYpA-1) |( d \'| Wy noy
6y =2 po(A—B)(ph — 1) ‘(m d) M),
We find from (51) that
o |l ot = p3 (A = B+ potd — BYpS - 1) ‘( d > ),
" po(A— B)(pf — 1) nvd) |,
n(1+14—pBA-B)) +pA-B)ps-1)|( d \*| ),
G2 < p(A=B)(pB—1) Kmd) M),

(n=p,p+1,p+2,.;p€eN).
Under the hypothesis of Theorem 10, (50) yields

(53) (fzhi))(z) >0 (0>0;z€U").
Setting
(54) g() = 27+ b P € Ns(f),
n=1
we have
‘(f(z) —9(2)) * h(z)
= Z |an, — bp| ¢z
n=1
(55)
o~ n(1+]A—-pB(A-B)|) +p(A-B)(ps—1) d \°| Ny,
<l (A= B)pB - 1) ‘<n+ d) (M, 1l <

(56) (0>0;z€U").

Thus we have (50) and hence (49) for any o € C such that |o| = 1, which implies
that Ns(f) C Mfl”\(p; B, A, B). This evidently proves the assertion (48) of Theorem
10.

We now define the §—neighborhood of a function f(z) € X, of the form (8) by

N(;r(f) = {96 Ep:g(z) :Z_P+Z|bn|zn—p and

n=p
Sl
(7%2) | G52 lanl = 15l

i n(1+|A—pB(A—B)|) +p(A—B)(pS—1)
(A B)(pE-T)

n=p

(57) < 5(dGC*,SGC,/\>0,PEN;—1§B<A§1;P5>1)}7
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Theorem 11 If f € M;S’)\(p;ﬁ,A, B) and —1 < B <0, then

(58) N () € My 5, A.B) (5= 200)

The result is sharp.
Proof. Making use of the same method as in the proof of Theorem 10, we can show
that

h(z) = 2P+ chz”
n=p

_ o lntp) (A -0B) +on(A-B)pB-1]|(_d \'| Nuip
o =2 po(B — A)(pp — 1) ’ (n = d) Dy
we find from (59) that
on] = [(n+p) (1+[B]) +n(A - B)(pS —1)] ‘( d )s Mip
" p(B—A)(ps—-1) n+d/) | (Dngy
< lntp)(A+|B[) +n(A - B)pS-1)] ‘( d )S Nntp
- p(A—B)(ps—-1) n+d) | (1),

(n=p,p+1,..;peN).

Thus, under hypothesis —1 < B < 0, if [ € M;S’)‘(p; B, A, B) is given by (8), we
have

(f xh)(2) S net
‘z—P = 1+nzzpcn‘an‘z P
> 1= lenllan]
n=p
o 1 N (04 B +n(A=B) (A=) ()’ A+ Dy o
o p(A-B)(pB-1) n+d (1) “Intp 19n
= -
[(n+p)(1+|B|)+n(A—B)(pS—1)] d \°| (A+1),
= /\+2pz - p(A—B)(ps-1) . (m) (1)n+:p lan|
oA i [(n+p) (1= B) +n(Ad - B)(pB —1)] ‘< d ) Ot Doy
At 2p = p(A = B)(pf —1) n+d Doey "

By Theorem 6, we obtain

’(f * h)(2)

2P

1A __ 2 _
- A+2p  A+2p

The remainder of the proof of Theorem 11 is similar to that of Theorem 10, and
we skip the details involved.
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Theorem 12 Let (-1 < B< A<1;pf > 1) and J be a real number with

p(A—-B)(ps-1)

O T A= pBA- D)

If the function f(z) given by (8) is in the class M;lrs”\(p; B, A, B), then Fj(z) defined
by (16) belongs to ;" (f). The result i s sharp.
Proof. Suppose that f(z) = 27P + E lan| 2™ € ./\/lds’\(p,ﬁ,A B), then it follows

n=p
from (16) and Theorem 9 that

5 .
(60) Fy(z) = = p+Z]b |2 =2 p+zmyan1z € My (p: 8, A, B).

n=p
From the hypothesis of Theorem 12, we have
o0

n+p)(1+|B|)+n(A—B)(pB—1 S (N,
§ ot Bn(A-B)(ps-1)] (L) 22 llan] — [bal]

n=p
00

— Z (n+p)(1+|B))+n(A=B)(pB—1)] (LY Mty _ntp_ 1,
p(A—B)(pB—1) (1)n+p'5+n+p n

n=p

o0 s A)
[(n-+p) (1+|B)+n(A-B) (p8-1)] |( _d (Mnap
= Z p(A=B)(ps—1) ( ) (1)n+p

|an]

n=p

< 1 (f e My (p; 8, A, B),

which shows that Fjs(z) € N7 (f).
In order to verify the sharpness of the assertion Theorem 12, we consider the

function f(z) given by (30). From (30) and (60), we have

1) # _
F(e) = < [ 0

_ 9 /Zt6+p1 (thr p(A—B)(p8 —1) <n+d>s
27 Jo [(n+p)(1-=B)+n(A-B)(ps-1)] |\ d
Ty p(A=B)(p3—1) ntd\’ | (L), & .,
[(n+p)(1-B)+n(A-B)(pf-1)I" d

\), d+n+p

Thus, by making use of (57), we have

Z n(l1+|A—pB(A—DB)|)+p(A-B)(ps—1) d \*| (N, o

T;D p(A—B)(pS—1) ’<n—|—d> (1)n|’ nl = [bal|
p+n

Srnap )

This completes the proof of Theorem 12.
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Theorem 13 Let (-1 < B< A<1;pf > 1) and J be a real number with

p(A—B)(p8—1)

P T A pBA_ B

If fe M;s’)‘ﬂ(p;ﬁ,A, B), then

(61) N ) c My s (8= SRR

A+ 2p) (6 + 2p)

and Fs(z) defined by (16).
Proof. Making use of the same method as in the proof of Theorem 11, we can show
that

h(z) = 2P+ Z cnz"
n=p

_ v lmtp)(t—oB) +on(A-B)pB -] [( d | Nutp
© =2 po(B - A)(ph—1) (:53) Dty
we find from (62) that

on] = [(n+p) (1 +[B[) +n(A—B)(ps—1)] ( d ) Msp
" p(B—A)(ps—1) n+d/) | (Dngy
. ln+p) (A +]B) +n(A-B)(ps —1)] ( d ) Mt

- p(A—B)(pf—1) n+d/) | (1ngy

(n=p,p+1,.;peN).
Thus, under hypothesis —1 < B <0, if Fs € M;s’)‘(p;ﬁ, A, B) is given by (60), we

have

'(Es *h)(2)

[e.e]
p— = 1+ch\an|z”+p

n=p

oo
>1- Z |cnl |an|
n=p

. 1_§: [(n+p) (1+|B|)+n(A - B)(p5—1)] A+ Dotp 5

o+p+n’ A+;\L+p |an]
(1)n+p

(%)

p(A=B)(pf-1)

o0

[(n+p) (1+|B))+n(A=B)(pB=1)] | d \°| A1)y,
I e A BT (75a) |, 2o
_ = [(n-+p) ( 1 B>+n<A B)(ps-1)] |(_d \'| ALy
- ()\+2p 5+2p Z B)(ps—1) (n+d> (Dptp an]

n=p
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By Theorem 6, we obtain

‘ (F5 x h)(2)

5 2p (A +6 + 2p) 5

>1- OF2p)(6+2p) (A+2p) (6 +2p)

2P

Theorem 14 Let (-1 < B<A<1;pf >1) and f € ¥, is given by (1) and define
the partial sums s1(z) and sp,(2) by

m—1
(63) 51(2) = 27P and sp(2) = 27 P + Z anz" P (m e N\{1}).

Suppose that

= _ n(1+]A—pB(A—B)|)+p(A-B)(pS—1)
(64) D dulanl <1 (dn= P(A=B)(pi-1)
n=1

(i) If s > 0,A > 0 and d > 0, then f(z) € M3 (p; 8, A, B);
(ii) If A > 0 and d > 0, then

(65) Re{s‘;((zz)}>l—;1 (meN;zeU)
and
(66) Re{sf(z)} > 1ﬁnclim (meN;zeU)

Each of these bounds in (65) and (66) is the best possible for each m € N.
Proof. (i) It is not difficult to see that

2P e M3 (p;8,A,B)  (peN).
Thus from Theorem 10 and hypothesis (64), we have
(67) f(z) € Ni(e) € M3 8,A,B) (s> 0,A>0,d>0;p e N)

as asserted by Theorem 14.
(ii) For the coefficient d,, given by (64), it easy to verify that

(68) dpt1>dp (s>0,A>0,d>0n=p,p+1,p+2,..;p€eN).

So, we have

m—1 00 00
(69) D an] +dm D lan] <D dylan| <1
n=1 n=m n=1

by using the hypothesis (64) again.
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Setting
dm § apz"™
z 1 n=m
(70) 01(2) = doy | L Lyl oy
Sm(2) dm m=1
> anz"
n=1
and applying (63), we have
dm a/n dm a’n
91(z) +1

- m=1 o0 - m—1 =
2-2 3% lan| —dm ) |an L= > lan|
n=1 n=m n=1

which readily yields the assertion (65) of Theorem 14.

If we take
1
(72) f(z) =27+ ——2"77,
m
then, for '
z=re'm,
we have £2) . )
z z
=1+——1—-——asz—1",
Sm(2) dm dm

which shows that the bound in (65) is the best possible for each n € N.
Similarly, if we put

(I+dn) > apz"
Sm(z) dm, n=m
=14+dn - =1-
T )= dy | e -
1+ an2"
n=1
and make use (69) we can deduce that
(1+dm) > lan|
92(2) — 1‘ n=m
74 < <1 (2€U
N EE =t et

m—1 00
2-2% lan| + (1 =dn) 2 [an]
n=1 n=m

which leads us immediately to the assertion (66) of Theorem 14.

The bound in (66) is sharp for each m € N, with the extremal function f € ¥,
given by (72). The proof of Theorem 14 is completed.

Properties involving modified Hadamard Product
Let the functions f;(z) (j = 1,2) be defined by

(75) fi(2) =27+ lan,| 2"
n=p
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The modified Hadamard Product of f1(z) and f2(2) is defined by

(76) (fixfa) (z) = =

Theorem 15 Let the functions fj(z) (j = 1,2) defined by (75) be in the class
My p; B, A, B). Then (f1 + f2) (2) € My™ (¢, A, B), where

(77)  c—1- 2(A—B)(pB—1)2(1-B) i
P pA-B)2(pA-1)2—pl2(1-B)+ (A-B)ws- 12| (525) |2

The result is sharp for the functions f;(z) (j = 1,2) given by

_ A B)(pB—1 d\°| Wy _n
1) fi(e) = Zp+22 emerst s [(259) ] (e
G = 1,2,p€N).

Proof. Employing the techniques used earlier by Schild and Silverman [22], we need
to find the largest ¢ = (p;(, A, B) such that,
(79)

i [(n4p)(1—B) tn(A—B)(p¢—1)]
(A~ B) (1)

S
A
(n%d) ’ 8: |an1][an2| < 1.
n=p

Since f;(z) € M;S’)‘(p;ﬁ,A, B) (j =1,2), we have
SI(a
(7)) | @ lansl < 1

(80) j = 1,2).

i [(n+p)(1=B) £n(A—B)(pB—1)
p(A-B)(pS-1)

n=p

Therefore, by the Cauchy-Schwarz inequality, we obtain

(81) Z [(n+p)(1 f -E?;(I.?B B))(pB )] ‘(n%d)s‘ 8 lan 1| |an2| < 1.

Thus it is sufficient to show that

[(n+p) (1~ B)+n(A-B)(p¢ —1)]
(¢ —1)

(0 +7) (1~ B) + n(A - B)(p3 - 1)
2 . 05— D Vianalienzl

or, equivalently that

[(n+9) (1= B) +n(A — BY(pS — D)(p¢ — 1)
(83) lenallenal < o B (A~ B D 1) "2

—
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Hence, by inequality (81), it is sufficient to prove that

o~ [(n+p) (1 = B) +n(A — B)(
7;7 (A B) pﬁ - 1 ( n+d )
[(n+p) (1 = B) +n(A = B)(pf - Di(p¢ — 1)
i = [t ) (1= B) - n(A— B)pC D]~ 1)
It follows from (84) that
(85)

¢ <! (A=B)(pB—1)2(1—B)(n+p) _
TP np(A-B)2(pp—1)2—[(nt+p)(1-B)+n(A-B)(ph—1)12| (55 )" | 2o

Now, defining the function p(n) by

(86)
—1_ (A=B)(pB—1)*(1—-B)(n+p) > ).
p(n) p np(A_B)2(p5_1)2—[(n+p)(I—B)+n(A—B)(pB—1)J2’(fid) " n27)

1)y

We see that ¢(n) is an increasing function of n (n > p). Therefore we conclude that
(57)
(<o) =, 2(A-B)(pB—1)*(1-B)

P p(A=B)*(pB-1)2-pR(1-B)+(A-B)ps-1)1| (545)

which completes the proof of Theorem 15.

Theorem 16 Let the function fi(z) defined by (75) be in the class M;S’)‘(p; B,A,B)
and the function fo(z) defined by (75) be in the class M:lrs’)‘(p;u, A,B). Then
+8
(f1 % f2) (2) € My " (D7, A, B), where
_1 2(A-B)(p8—1)(1 — B)(pp — 1)
(83) V== 5 i\ [,
P p(A-B) (Pﬁ—l)(pﬂ—l)—pMNKm) ’ﬁ

where M = [2(1 = B) + (A - B)(p8—1)] and N = [2(1 — B) + (A — B)(pp — 1)].
The result is sharp for the function f;(z) (j = 1,2) given by

(89) fi(z) ==z P+Z 5 A B)(pB —1) <p+d>8 (1)pzn (peN).

+(A-=B)(ps—-1) d (N,
and
_z -p A B)(pﬂ_l) p—l—d ’ (1)pzn
(80) Alz *Z T B ) m,” PN

Theorem 17 Let the functions f;(z) (j = 1,2) defined by (75) be in the class , then
the function h(z) defined by

(91) h(z)=2"P+Y (a5 +a5s)2"

n=p
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belongs to the class M;S’/\(p; n, A, B), where
1 4(A—B)(pS—1)*(1 - B)

n=-- S
P ap(A - BY(pB—1)2—p2(1 - B)+ (A- B)p8 - DI | (55 )| &2
The result is sharp for the functions f;(z) (j = 1,2) are given by (78).
Proof. For f;(z) € M:lrs”\(p;ﬂ,A, B) (j =1,2), we have
o~ (0 +p)(1=B)+n(A-B)pB-1]|{ d | Ny,
2 PA-B)pF— 1) (ira) | it <1
Therefore,
o~ [[(n+p) (1= B) +n(A-B)ps -] |(_d | Wa]*
I e (52 [ v

2
— [(n+p)(1-B)+n(4A—B)(ps—1)] d VI Na,
LZ:; p(A=B)(pB—1) ‘(n—i—d) (1), ‘a"ﬂ‘]
92) < 1 (j=1,2)
So,
— 1 [[(n+p) (1 = B) +n(A— B)(pS —1)] d N, , '
ZQ[ p(A—B)(pB—1) ‘(n+d) (1)71} ['“”’”2”“"’]'2} <1

n=p
In order to obtain our result, we have to find the largest 1 such that

— [(n+p) (1—B)+n(A—B)(pn—1)] d \°| V),
2 p(A—B)(pn—1) ‘(nﬂl) (D

[lan sl +lans’] < 1.

n=p
It is sure if
[(n+p) (1 —B)+n(A—-B)(pn—1)]
p(A—DB)(pn—1)

_ 1[4 p) (- B) +n(A - B)(pB ~ 1) ()|
T2 p(A—B)(pf — 1) n+d/) | (1),
so that
n<i_ (n+p)(A=B)(pS—1)*(1-B) ‘
TP ap(A-B)2(pA-1)2= S [(n+p) (1- B)+n(A-B) (p8-1)12| (545) | {2
Now, we define the function ¥ (n) by
_ _1)2(1—
Y(n) = 1_ 4(A-B)(pB—1)*(1-B) (n>p).

P np(A=B)2(pB—1)*—1[(n+p) 1—B)+n(A=B)(pB—DP?| (7)1
We see that ¥(n) is an increasing function of n (n > p). Therefore we conclude that

_ 1 4(A-B)(pB—1)*(1-B)
n<yPn) =y zp(AfB)Q(pﬁfl)Q*p[2(1*3)+(‘4*3)(7’5*1)]2‘(P%d)

S(p?
1)p

which completes the proof of Theorem 17.
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Riesz triple almost lacunary y® sequence spaces defined
by a Orlicz function

Deepmala, N. Subramanian, Lakshmi Narayan Mishra

Abstract

In this paper we introduce a new concept for Riesz almost lacunary x>
sequence spaces strong P— convergent to zero with respect to an Orlicz function
and examine some properties of the resulting sequence spaces. We also introduce
and study statistical convergence of Riesz almost lacunary x® sequence spaces
and also some inclusion theorems are discussed.

2010 Mathematics Subject Classification: 40A05,40C05,40D05.
Key words and phrases: analytic sequence, Orlicz function, double sequences,
chi sequence, Riesz space .

1 Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively. We write w? for the set of all complex triple sequences
(Tmnk), where m,n,k € N, the set of positive integers. Then, w? is a linear space
under the coordinate wise addition and scalar multiplication.

We can represent triple sequences by matrix. In case of double sequences we
write in the form of a square. In the case of a triple sequence it will be in the form
of a box in three dimensional case.

Some initial work on double series is found in Apostol [1] and double sequence
spaces is found in Hardy [7], Subramanian et al. [8-14], and many others. Later on
investigated by some initial work on triple sequence spaces is found in Sahiner et al.
[15] , Esi et al. [2-6], Subramanian et al. [16-25], V.N. Mishra [31] and many others.

Let (zmnk) be a triple sequence of real or complex numbers. Then the series
E:,n,kzl Tmnk 1S called a triple series. The triple series Zf;}mk:l Tmnk giVe one
space is said to be convergent if and only if the triple sequence (S, )is convergent,
where

k
Smnk = ZTJ’Z’:l mijq(m,n, k= 1, 2, 3, ) .

91
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A sequence x = (Z;,nx)is said to be triple analytic if

1
SUDm. ke |Tmnk| mFrFF < 00.

The vector space of all triple analytic sequences are usually denoted by A3. A
sequence = = (Zynk) is called triple entire sequence if

1
|Trnk| T TF — 0 as m,n, k — oo.

The vector space of all triple entire sequences are usually denoted by I'3. Let the set
of sequences with this property be denoted by A% and I'® is a metric space with the
metric

1
(1) d($7 y) = SUPm,n,k {|xmnk - ymnk| mEntk 1 m,n, k 1,2,3, } 5
forallz = {Zni} andy = {Ymni } inT3. Let ¢ = { finite sequences} .

Consider a triple sequence & = (Zynk). The (m,n, k)" section z[™™* of the
sequence is defined by z[mmkl = > mn,k %ijq0ijq for all m,n, k € N,

%,5,q=0

0 0 .0 0 ..

00 .0 O
dijq =

00 .10

00 0 0

with 1 in the [i, j, ¢|" section and zero otherwise.

1
A sequence x = () is called triple gai sequence if ((m + n + k)! |zynk|) »FtF —
0 as m,n, k — oco. The triple gai sequences will be denoted by x3.

2 Definitions and Preliminaries

A triple sequence x = (%) has limit 0 (denoted by P — lima = 0)

(i.e) ((m =+ n 4 k) @mne) ™% — 0 as m,n, k — co. We shall write more briefly
as P — convergent to 0.

Definition 1 A modulus function was introduced by Nakano [26]. We recall that a
modulus f is a function from [0,00) — [0,00), such that

(1) f(z) =0 if and only if x =0

(2) fle+y) < f@)+ f(y), forallz =0,y =0,

(3) f is increasing,

(4) [ is continuous from the right at 0. Since |f (x) — f (v)| < f (|Jz —y]|), it follows
from here that f is continuous on [0, 00) .



Riesz triple almost lacunary x> sequence spaces defined by a Orlicz function 93

Definition 2 A triple sequence © = (Tpnk) of real numbers is called almost P—
convergent to a limit 0 if
P_

: - - - k
it 000 5UDr 12050 Somn - SoaE ST (m m e ) @) 0.
that is, the average value of (mnk) taken over any rectangle
{(m,n,k):r<m<r+p—-1,s<n<s+qg—1,t<k<t+u—1} tendsto 0 as both
p,q and u to 0o, and this P— convergence is uniform in i,£ and j. Let denot the set

of sequences with this property as [9/(5} .

Definition 3 Let (grst), (Grst) , (ﬁ) be sequences of positive numbers and

q1 q12 - qs O...
21 22 ... @25 O...
@r=1. =qu+q2+...+qs#0,
@1 G2 - Grs O..
0 0 .0 0 O.]
(@11 T2 - G 0.
21 G2 - Qo5 0.
@s: . 2611+§12+...+qrs;&0,
67‘]_ qTQ qrs O
0 0 .0 0 0.
(G Q2 - T 0.
o1 Ga2 - Qs O...
575 = | - =q11+q12+-.-+7,5 #0. Then the transformation
67"1 67-2 67’8 0
0 0 .0 0 O0..]
s given by
Trst = Q él 2 S S ke AmTny (M A+ 1+ k) \wmnk|)1/m+"+k is called the
TWswt

Riesz mean of triple sequence © = (Tpnk). If P — limysTrst (x) = 0,0 € R, then
the sequence x = (Tynk) is said to be Riesz convergent to 0. If x = (k) is Riesz
convergent to 0, then we write Pr — limx = 0.

Definition 4 The triple sequence 6;,; = {(ms,n¢,kj)} is called triple lacunary if
there exist three increasing sequences of integers such that

mog=0,h; =m; —m,_1 — 00 as i — oo and
ng=0,hp=ny —ny_1 — 00 as £ — oc.

/{?():O,hjij—kj_lﬁooaSj—)OO.
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Let m; g ; = m;nek;, hz‘,f,j = hih¢h;j, and Qi?g,j is determine by

Lioi= {(m n,k):mi—1 <m < miandng_1 <n <ngandk;j_1 <k <k}, q = m";:,
k;

U=5"50G =55

Usmg the notations of lacunary sequence and Riesz mean for triple sequences.

i0; = {(ms,ne, kj)} be a triple lacunary sequence and ¢,,q,g; be sequences of

positive real numbers such that @Q,, = ZmE(O,mi]pmﬂQne = ZTLE(O,TL@] Prgs Qn; =
Zke(o,kj] Pk; and H; = Zme (0,m;] Pms H = an 0,n0] Prie> H= ZkE(O,kj] Dk - Clearly,

= Qm; — Qmi_,He = Quny — Qn,_, Hj = Qr; — Qk;_,. If the Riesz trans-
formation of triple sequences is RH- regular and Hl = Qm; — Qm, , — 00 as

i = 00, H = Y c(0y Pre = 00 a8 £ — 00, H = Y5, Py —+ 00 as j — 00,
then QMJ = {(ms,ne, kj)} = {(QmiQn].Qkk)} is a triple lacunary sequence. If the
assumpmonsQ,,—>ooasr—>oo,@s—>ooass—>ooand5t—>ooast—>oomay
be not enough to obtain the conditions H; — oo as i — oo, Hy — 00 as £ — oo and
Hj — oo as j — oo respectively. For any lacunary sequences (m;), (n,) and (k;) are

integers.
Throughout the paper, we assume that @, = 11 +qi12+. . .+¢s = 0 (r—o0),Q, =

G+ Qi+ ATy = 00 (5 = 00),Q =u1 +Gia + -+ + g — 00 (t = 00), such
that H; = Qm; — Qm;_, — 00 asi — 00,Hy = Qpn, — Qpn, , = 00 as £ — oo and
Hj=0Qk — Qk]1—>ooa8j—>oo

Let Qumy g k; = QumiQy, Qp,» Hiej = H;HH;,

I, = {(m k) Qi <M < Qs Gy, <1< Quy and Qy,_, <k <©kj},
Vi= g, V= got and V; = and Vig; = ViV, V/;.

Qk;
Ty ,
If we take gm = 1,q, = 1l and q;, = 1 for all m,n and k then H;y;, Qirj, Vig; and IM]-
reduce to hiej, giej, vie; and L.

Let f be an Orlicz function and p = (pmnk) be any factorable triple sequence of
strictly positive real numbers, we define the following sequence spaces:

(X%, 0iej.q, f,p] = P — limi g j—oo
ﬁlj Eie]iej Zﬁe[izj Z]EIW Qmanqk [f ((m +n+ k)' ‘xm+i,n+é,k+j’)pmnk] = 07 uniformly
in ¢,¢ and j.

[k Oigjoa, f.p) = § 2= (wmnk) : P=supiojpr— D D, D Gmlaly

’L
ti i€1;0;0€ 1105 §E€ 0

[f |xm+i,n+€,k+j |p"mk] < OO} )
uniformly in ¢,/ and j.
Let f be an Orlicz function, p = p,i be any factorable double sequence of strictly
positive real numbers and and gp,q,, and G, be sequences of positive numbers and

Qr=qu+ drs, Qu =T11 Ty a0d Q1 = 11+ Gy
If we choose ¢, = 1,¢,, = 1 and g;, = 1 for all m,n and k, then we obtain the
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following sequence spaces.

(X% @, frp] = P = limys o0

385, St et St T (044 ) s )74] = 0, wniformly
in 1, ¢ and 7.

sl {5 i

th 1n—=1k=1

[f ((m +n+ k)' |xm+i,n+f,k+j|)pmnk] < OO} ’
uniformly in ¢, ¢ and j.
Definition 5 Let f be an Orlicz function and p = (pmnk) be any factorable triple

sequence of strictly positive real numbers, we define the following sequence space:
;05 = {(mi,ne, kj)} be a triple lacunary sequence

X} [ACy,,,.p] = P —limg g j— h > >

’I?’LEIZ 0,5 ’flEIZ 0,5 kel; 0,5

m4n Pmnk
[ (om0 i) <0,

uniformly in i, and j.

We shall denote X?’c [ACgiij,p] as x° [ACgiye’j,p] respectively when pppr = 1 for
all m,n and k If x is in x> [ACgiyeyj,p] , we shall say that = is almost lacunary x>
strongly p— convergent with respect to the Orlicz function f. Also note if f(z) =
Ty Pmnk = 1 for all m,n and k then X?c [ACgi’Zyj,p] =3 [AC@Z.‘ZJ.] which are defined
as follows:

’ [AC'QM’J = lzng]h Z Z Z

”melﬂjnelﬂjkelﬂj

{f ((m+n+k) ’$m+i,n+€,k+j’>1/m+n+k} =0, } ;

uniformly in i, and j.
Again note if pypr = 1 for all m,n and k then X? [ACgi’[’j,p] = Xi} [AC’QM’].] , we
define

X?” [Acei,l,wp] =q P —lim, évih Z Z Z

ilj mé€ly ¢ nE€L o5 k€L ¢

pmn
(£ (m+ 0+ 1) s )] =0, ],

uniformly in ©,¢ and j.
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Definition 6 Let f be an Orlicz function p = (pmnk) be any factorable triple se-
quence of strictly positive real numbers, we define the following sequence space:

T s t
X o] = {P - umm,t%oé IS

m=1n=1k=1

Pmnk
[f ((m+n+k)! |$m+i,n+€,k+j‘)l/m+n+k] B O} 7

uniformly in i,£ and j.
If we take f(x) = x,pmnk = 1 for all m,n and k then X?ﬂ [p] = x°.

Definition 7 Let 0;4; be a triple lacunary sequence; the triple number sequence

—

8 Sgi’g,j — p— convergent to 0 then

) 1
P — llmi,z,jﬁmaffi,ﬁ,j H{(m,n, k) € Ly :
Z7 7‘7

Fm+n+ k) empinerry — 0’)1/m+n+k}’ -0

In this case we write @ —lim (f (m+n+ k) Tmtinto ki — o[)/mtntk — o,

3 Main Results

Theorem 1 If f be any Orlicz function and a bounded factorable positive triple
number sequence Ppnk then X? [AC'@LM,P] is linear space
Proof: The proof is easy. Theorefore, we omit the proof.

Theorem 2 For any Orlicz function f, we have x> [AC@,e,j] C Xi’c [ACg
Proof: Let x € x3 [ACQMJ] so that for each i, and j
X3 [ACGZ',LJ‘]
{limi,&jﬁj D omel, g, 2omel, o, Dokl [((m + 1+ k) Zmtinek+5])
Since f is continuous at zero, for € > 0 and choose § with 0 < § < 1 such that
f(t) < e for every t with 0 <t < §. We obtain the following,

L (hipje) +
higj \' Vi

1 1/m+n+k
Rig; 2me€l; 2 nel,,; and |t s.m 054 5—0| > f [((m 1+ k) @mrinp]) " }
ﬁf‘j (hifje) + ﬁ”K‘Silf (2) hiej X3 [Acei,é,j] :
Hence i,£ and j goes to infinity, we are granted x € X?v [AC@

i,é,j]

1/m+ntk| _ 0

i,é,j] :
Theorem 3 Let 0;; = {m;,ng, k;} be a triple lacunary sequence with liminf;q; >

1, liminfig > 1 and liminfjq; > 1 then for any Orlicz function f, X:} (P) C

X?} (AC'QMJ,P)
Proof: Suppose liminf;q; > 1, liminfq > 1 and liminfjq; > 1 then there exists
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0 > 0 such that ¢; > 140, q¢ > 146 and q; > 1+ This implies % > 155 ne 2 118
and Z—j > 9 Then forx € X‘;’c (P), we can write for each r,s and u.

Lﬂ>5

= 1+6

Biej = 1 Z Z Z f[((m+n+k)!’$m+i,n+e,k+j|)l/m+n+k}pmnk:

hors
7,8] meIi,Z,j Tbelix’j keli,l,j

m; TNy kj

1 2 2.2 [((m +n+ k)l |xm+i,n+é,k+j|)1/m+n+k} Prnk _

05 1 1 kel

h

Pmnk

1 Z f[((m—i—n—l—k)!]xmﬂn%’kﬂ’)umﬂ%}

hwj m=1 n=1 k=1
1 mg ne—1 k;j71 ) k
higj Z / [((m +n+k)! |xm+i,n+£,k+j|)1/m+n+k] _
ilj m=m;_ 141 n=1 k=1
k; _
1 ] 3 S 1/m+n+k Pmnk
oo Z Z / {((m+n+k)!|xm+i7n+£7k+]‘|) }

m; TNy k;

= mingk; L Z Z ZJ: f [((m +n+k)! |$m+i,n+£,k+j|)1/m+n+k} -

hicj m;ngk; e e
Mmg_1nea ki 1 mi—1ne—1kj 1 -
gk —
: f[ A1) S ost }
hitj mi—ine—1kj — 1 mZ::an::l kZl (( )| i

ng_1 kj

_k;j—l k:l ZZ: Z Zf [((m—l—n-i—k)! |$m+i,n+f7k+j|)1/mw
il] j—1

i|pmnk’

m=m;_1+1 n=1 k=1

ne—1 k]‘

mg
S [ 1 Z Z Z / [((m +n+k)! |xm+i’n+£7k+j|)1/m+n+ki|pmnk B

hiej \ -1

m=my_1+1 n=1 k=1

ks [ M1

Ty : Z Z Z f [((m+n+k)! |$m+i,n+z’k+j|)1/m+”+k}pmnk

ol
" k=1 21 n=ny_14+1 m=1

Since x € X3 (P) the last three terms tend to zero uniformly in m,n, k in the sense,
thus, for each r,s and u

m; My kj

Z Z Z f [((m +n+k)! |xm+i’n+e’k+j|)1/m+n+k]pmnk

m=1n=1k=1

m;ngk;

1
0=
2V hi[j mingk;j
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mi;—1ng—1 kj—1

11ty Yy
i mi—1M¢— 1kj 1

h
it m=1 n=1 k=1

m-+n Pmnk
7 [+ 0+ 1) i)Y 0 (1),

Since hypj = mingk; —m;_1ny_1k;j_1 we are granted for each i,{ and j the following

minekj < 1+6

mi—1ng_1kj—1 <
hz@]

1
and T he, S
The terms i
(7 T S S f [<<m et B! i )

i 1 k Pmnk
(e St Sl S [(m e ) i) are

both gai sequences for all i,£ and j. Thus By is a gai sequence for each i,{ and j.
Hence = € xf (AC’QH,J, ) .

Pmnk
1/m4n-+k and

Theorem 4 Let6;¢; = {m,n,k} be a triple lacunary sequence with limsupy,q, < 0o
and limsup;q; < oo then for any Orlicz function f, Xf (AC’QMJ, ) C X:} (p).
Proof. Since limsup;q; < oo and limsup;q; < oo there exists H > 0 such that
¢ < H, @y < H and q; < H for all i,f and j. Let v € X? (ACgMj,P) . Also there
exist ig > 0,0y > 0 and jo > 0 such that for every a > ig b > ly and ¢ > jo and i,/
and j.

1 1 4+ntk Pmnk
e S etane Snctane Shetaye £ [(00 1+ B) 2 i)
Oasm,n, k — oo.
Let G = mam{A;’b’czl <a<ig, 1<b</fy and 1 Segjo} and p,q and t be

such that mi—1 < p < m;, ne—1 < q < ng and mj_1 <t < mj. Thus we obtain the
following:

ot S L S [(m o+ ) @ik
< m Dol Doy Zk; 1 [((m +n+k)! \xm+i,n+e,k+j\)1/m+n+k]pmnk
< m Y tmt Sh1 2o

(Zmela,b,c Znela,b,c Zkela,b,c [((m +n+k)! \xmﬂ',nw,kﬂ\)1/m+n+k]pmnk>

= m e, 50:1 ZO:1 ha7b70AZz,b,e +

1 !
mpg_1ng—1kj_1 Z(io<a§i) UWo<b<2) U(Go<e<s) ha7b70Aa,b,c

/ .
G io Lo Jo
< mi_1mg—1kj_1 Za:l b=1 ZCZ]. ha,b,c
1

’

+ mi—1ne—1kj—1 Z(i0<a§i)U(£0<bSZ)U(jO<CSJ) ha’b’cA‘LbaC
/
G migng,kjqiolojo 1 /
S mi_1ng_1k;j 1 Mi—1Me_1Jj—1 Z(i0<a§i)U(ZO<bSZ)U(jO<CSj) h“ﬁb’cAa,b,C
/ C
< G mignegr; iolojo

mi_1ng_1k;j_1
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/
+ (3“pa2ioub2€oUchoAa,b,c) m Z(i0<a§i)U(£o<b§€)U(jo<c§j) hap,e
Glmio Mgk, 10oJo . L
= l"%'—l”é—lkj—l + mi_1ng_1kj_1 Z(io<aSi)U(€0<b§€)U(J'0<C§j) a,b,c
G migneyk; 0lojo
#—J&?j—l + €H3.
Since m;, ny and kj both approaches infinity as both p,q and t approaches in-
finity, it follows that

<

p q
— Z Z Z [((m +n+k)! |33m+i,n+£,k;+j|)1/m+"+k]pmnk =0,

t
pqt m=1n=1k=1

uniformly in i, and j.
Hence z € X:} (P).

Theorem 5 Let 0;,; be a triple lacunary sequence then

—

(i) @nnt) 5 X (S,

(ii)(AC’gi)e’j) is a proper subset of (S/QZ)

(iii) If x € A? and (k) L X3 (b@) then (Tmnk) Lt 3 (AC’g%J.)
(i0) X* (So.0, ) A = 3 [AC, ] A%

Proof. (i) Since for all i,¢ and j

{(m, n,k) € Loy (m+n+ k) [ Tmyinorr — 0|)1/m+”+k} = o‘ <

1/m+n+k
Zme]’i,&j Zne]’i,[,j Zk’e[%‘;’] and |$m+i,n+e,k+j’:0 ((m + n + k)! |xm+z,n+€,k+] - 0|) /m "

1 k
<Y meties Sonetnes Sonery, (A @ gingepys — O™

P— limi,&jﬁw Zmeli,e,j Zne[i,é,j Zke[i,e,j ((m+n+k)! |l'm+i7n+€,k+j_0|)
This implies that for all i,f and j

, for alli, £ and j
1/Tn+‘ﬂ+k:0

1
P — limieji ’{(m7nvk) S Ii@]' 8
" hig -
((m4+n4+ k) Cmtinte ks — 0|)1/m+n+k = OH =0.
(ii)let x = (Tpni) be defined as follows:

r m+n+k
12 g Vel

(m-+n+k)! . 0
[4 hi,l,‘ m+n+
12 3 Vol Lk), 0
(5Umnl~c): L 9 3 '”[4/mi,l,j m4ntk . ;

(m-+n+k)!
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Here = is an trible sequence and for all i,¢ and j

P_limi%jﬁ ‘{(m7 n, k) € Ii,f,j : ((m +n+ k)' ’l'm—l—i,n-‘r@,k:-‘rj - 0|)

mintk\ L/mi+n+k
1 (m+n+k)![\4/hi,e,]’ A > / —0

1/m+n+k _ O}‘ _

P a3 (5
Therefore (Tymi) — X° (Sgu’j) . Also
: 1
P = limigjg=2 mer, ., 2anel, oy 2okel,,, (M A0+ E) Zmpingokt

mAntk mntk mndk \ 1/ Mtk
ot iy (S R )y

’)1/m+n+k _

£, (mrAntk)!

P
Therefore (Tmnk) 7 X° (ACgi’Z‘j) .
(iii) If x € A3 and (Tounk) LY 3 <S/917J) then (k) LY 3 (AC@LZJ) .
Suppose x € A3 then for alli, € and j, ((m +n + k) | Tmtintohtj — o))/mntk < v
for all m,n, k. Also for given ¢ > 0 and i,£ and j large for all i,¢ and j we obtain
the following:

1 Z Z Z ((m+n+ k) Tmtintektj _O|)1/m+n+k _

Roigs
ity melipjn€li g kel

DY )3

mel enel; g ; k€l ¢ ; and |fcm+i,n+2,k+j |ZO

((m+n+ k) [Tmiinserss — O™ 4

DYDY >

hiej
J mel; 5 n€lip; ke€l; o ; and |xm+i,n+l,k+j |§0

((m+n+ k) Zmtinrer+s — 0|)1/m+n+k

M
< - H(m,n, k)€ Lioj: (m+n+E) Tmiintept; — O|)1/m+”+k} = 0‘ + €.
it

—

Therefore x € A> and (Tni) Lt 3 (S M‘j) then (Tmnk) LS 3 (AC(%,AJ') .
(iv)x? (5@) NA? = x? [ACy, , ;| A3, follows from (i), (i) and (iii).

Theorem 6 If f be any Orlicz function then X‘;’c [AC’@Z.’ZJ.] ¢ x> (S’/927J>

Proof: Let x € X?} [AC'QMJ] , for all i, ¢ and j.
Therefore we have

1 k
ﬁ Zmeluyj Znem,j ZkELL"Lj f [((m +n 4 E) 2 mpinterrs —0]) /metnt } >
1

higj Zmeh,z,]‘ Zneh,z,j Zkeh,e,j and |xm+r’n+s‘k+u|:0
f |:((m +n+ k)' ‘xm+i,n+€,k+j - 0|)1/m+n+k} >
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=1 (0) ’{(m n,k) € Ligg: (m+n+ k) | Tmimsohss — oy)l/m+"+k} = 0‘ .

hiej

Hence = ¢ 3 (S/QZTJ .

4 Conclusions and Future Work

We introduced Riesz almost lacunary x* sequence spaces strong P— convergent to
zero with respect to an Orlicz function and study statistical convergence of Riesz
almost lacunary x? sequence spaces, also some inclusion theorems. For the ref-
erence sections, consider the following introduction described the main results are
motivating the research.
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Section of a summability method

Ioan Tincu

Abstract

In this paper, section of a summability method are determined, using ran-
dom variables which follow Pascal’s distribution law and the central limit the-
orem.
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Key words and phrases: summability, Pascal, Toeplitz, Lyapunov, random
variables, the regular transformation.

1 Introduction
Let S = ||ank|lnken be a real elements matrix. A sequence (sp)pen is said to be

n

A-summable to the value s € R if each of the series o, = Zan,ksk, n=01,..

is convergent and if o, — s for n — oco. The method A is called regular if each
convergent sequence is A-summable to its limit.

Theorem 1 (Toeplitz) (see[2]) The summation method A is reqular if and only if:

(1) lim a, i =0, forevery k natural,
n—oo

n—oo

n
(2) lim Zamk =1,
k=0

n
(3) Z |an,k| < Ma
k=0

for every n natural, M being a constant independent of n.

105
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Note:
e M(f) represents the expectation of a random variable f,
e D2(f) represents the variance (dispersion) of a random variable f,
e K represents the set of real sequences,
e [x] represents the wolle part of x.

Theorem 2 (Lyapunov) (see[3]) Let (fn)nen a sequence of independent random

variables. Let us suppose that My = M(fi), D2 = D*(fx), Hr = /M (| fr — My|?)
exists for every k matural. Note with S, = \/D? + ...+ D2, K,, = {/H} + ... + H3,

- M
Bn=fi+ ..+ fn, B = W and with Fy, gx (x) the distribution function of
n
variable 3. Thus, if
. Ky
(4) nh_{rolo 5, 0, we have
5 lim L[ e tra—g tural
(5) Jim B (1) = o) e = ®(x), forevery x natural.
. 1 v —t2/2 . . .
Function ®(z) = Wor e dt represents the standard normal distribution
T J—c0

function.

Theorem 2 is also true in the case when the independent random variables have
the same distribution.

Theorem 3 (see[1]) If a sequence of characteristic functions f1(t), fa(t), ..., fu(t), ...
converge to the continuous functions f(t), then the sequence of distribution functions
Fi(z), Fy(z), ..., F(2), ... converges weakly to some distribution function F(x)® [by

virtue of the direct limit theorem f(t) = /eimdF(a:)].

If the random variables m1 and n9 verify the condition o = a -1 + b with a,b
real, then
i) the characteristic functions verify

(6) P2 (t) = eitbgpm (at)a

i1) the distribution functions of these random variable verify

(7) F,(x) = Fy, <$a_b>, fora>0.
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Definition 1 We say that the discrete random variable X follows Pascal s law if it

k kE—1
has the distribution (P(n k:)> , where P(n,k) = (n +k >p"qk, n € N*,
€(0,1), ¢g=1—p (see[?]).

For n =1, the discrete random variable follows the geometric law, that is it has

the distribution )
7p€(07]-)7q:1_p
<P ' qk> k=0,1,2,...

2 Principal results

k=0,1,2,...

We consider the formula

1 o (@)
(8) WZZ | 2zl <1, a € Ry,
k=0

() =ala+1)-..-(a+k—1)with the convention () = 1.
If we put @« =nA,n € N, X € R we obtain

00 k; k
(9 o = 2 A e < 1,
k=0
We define the transformation 71 (n, -, A, z) : K — K,
(10) 1(n, s; A, 2) chnk:)\zsk,
k=0
where \
c1(n,k; A\ z) = (nk')kzk(l — 2" 2€(0,1),n e N, X € R,.

Proposition 1 The transformation T1(n, s; A, z) is a regular.

Proof. We check the conditions (1), (2) and (3) from theorem one:

(nA)

lim ci(n,k; A\, z) = lim kzk(l — z)™

n—o0 n—oo

]: lim [nA(nA + 1)...(nA + &k = 1)(1 = 2)™]

| n—oo

2k 1 kE—1 nk
=2 him [(Ma+=) (A : —0:
k'ni“olo[ ( +n> <+ n ) (1—zw] "

lim ch n,k; A, z) =1, (see[9]);

n—oo
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Z ler(n, ks A, 2)| = ch(n,k‘;)\,z) =1=M.
k=0 k=0

Next, we will determine a finite section of the regular transformation 71 (n, s; A, z).
Let the independent random variable f1, fo, ..., fn which follows the geometric law
and B, = fi + fo + ... + fn. The random variable 3, follows Pascal’s law and the
distribution function is

Fn”g R — R,
(11) F(z) = P(X <z) =) P(n, — k)
k=0
>
where P(n, k) is defined in Definition 1.1 and O(x) = { (1)’ i < 8 .

Since M(fBy) = " and D2(B,) = n—;‘], from (11) and from the relations between

the distribution functions, we obtain the fact the distribution function of the normed

Bn — M(fn)
D(6n)

(12) Fopr = ZPnk (:c\ﬁ ”qf k:>

random variable 3 = has the form

S

p p?
B n+k—1\ , -
> ("t = ot (o).

We defined the transformation Ts(n, ;p,z) : K — K,

v oy

p p?
(13) Ty(n, s;p,x) = > ca(n, ki, x) - si
k=0
where
1 n+k—1 &
CQ(”; ,p,iU) ‘b(fE) ( k )p q,T = 07 q D, P € (07 )

Theorem 4 The transformation Ta(n, s;p, x) is reqular.

Proof. We check the conditions from theorem Toeplitz:

k
. ) _q . n+k—1Y\ ,
(14) i e = gt (" )
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* . (n+k-Dn+k—2).n ,
= lim P
O (x) n—oo k!

k

q . k—1 k—2 1Y &
=_—* 1+ — {14+ —...[1+ = "= (;
<I><m>k!ninéo<+ n )(* n> <+n>"p ’

From (12) we have

[x\/nq n nq\/an]
p p
(15) Z CQ(n7k;p7$) = ]-7
k=0
[x\/nq N nq\/an] {m Via nq\/an]
p p p p
(16) > |ca(n, ki p, x)| = > cao(n, kip,x) = 1.
k=0 k=0
In (13), let x = 0,9 = z and n = nA, A > 0; it follows that
nxzvniz
-2y Atk—1
(17)  Ta(n),s;2,0) = 2(1 — 2)™*- Z (n . >zksk, z € (0,1).
k=0

1
Remark 1 The transformation =T>(nA; z,0) denotes a finite section of the trans-

formation Th(n, s; A, 2), (see (10)).

1
Particular case: In (10) and (14), let z = 3 the following representations

1 1 < (n\)g sk 1 = nA+k—1\ sk
T A=) = — LA °k
1(n’ 85 )" 2) onA Z k! ok anA kz_o k 2k’

k=0
[PAV2n ]
1 2 A+k—1
To(nA, s;5,0) = o~ Z AT x,
2 D k oF
In (13) let z =0,
[ngy/nq]
2
n+k—1\ ,
Ty(n,s;p,0) =2 < f )p ¢“sr, q=1—p,pe(0,1).
k=0
1
Forp=gq = 3 we have
[nV2n]
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