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On some Common Fixed Point Theorems
in Uniform Spaces 1
Alfred Olufemi Bosede

Abstract
In this paper, we establish some common fixed point theorems in uniform
spaces by using a more general contractive condition than those of Aamri and
El Moutawakil [1]. Our results not only improve a multitude of common fixed
point results in literature but also generalize some of the results of Aamri and
El Moutawakil [1].
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1

Introduction

Let X be a nonempty set and let Φ be a nonempty family of subsets of X×X. The
pair (X, Φ) is called a uniform space if it satisfies the following properties:
(i) if G is in Φ, then G contains the diagonal {(x, x)|x ∈ X};
(ii) if G is in Φ and H is a subsetTof X×X which contains G, then H is in Φ;
(iii) if G and H are in Φ, then G H is in Φ;
(iv) if G is in Φ, then there exists H in Φ, such that, whenever (x, y) and (y, z) are
in H, then (x, z) is in H;
(v) if G is in Φ, then {(y, x)|(x, y) ∈ G} is also in Φ.
Φ is called the uniform structure of X and its elements are called entourages or
neighbourhoods or surroundings.
In Bourbaki [4] and Zeidler [14], (X, Φ) is called a quasiuniform space if property
(v) is omitted.
Some authors such as Berinde [3], Jachymski [5], Kada et al [6], Rhoades [9], Rus
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[11], Wang [13] and Zeidler [14] studied the theory of fixed point or common fixed
point for contractive selfmappings in complete metric spaces or Banach spaces in
general.
Within the last two decades, Kang [7], Montes and Charris [10] established some results on fixed and coincidence points of maps by means of appropriate W -contractive
or W -expansive assumptions in uniform space.
Later, Aamri and El Moutawakil [1] proved some common fixed point theorems
for some new contractive or expansive maps in uniform spaces by introducing the
notions of an A-distance and an E-distance.
Aamri and El Moutawakil [1] introduced and employed the following contractive
definition: Let f, g : X −→ X be selfmappings of X. Then, we have

(1)

p(f (x), f (y)) ≤ ψ(p(g(x), g(y))),

∀x, y ∈ X,

where ψ : ℜ+ −→ ℜ+ is a nondecreasing function satisfying
(i) for each t ∈ (0, +∞), 0 < ψ(t),
(ii) limn−→∞ ψ n (t) = 0, ∀ t ∈ (0, +∞).
ψ satisfies also the condition ψ(t) < t, for each t > 0, t ∈ ℜ+ .
In this paper, we shall establish some common fixed point theorems by using a
more general contractive condition than (1).
We shall also employ the concepts of an A-distance, an E-distance as well as the
notion of a nondecreasing function in this paper.

2

Preliminaries

The following definitions shall be required in the sequel.
Let (X, Φ) be a uniform space. Without loss of generality, (X, τ (Φ)) denotes a
topological space whenever topological concepts are mentioned in the context of a
uniform space (X, Φ). Definitions 1 − 6 are contained in Aamri and El Moutawakil
[1].
Definition 1 If H ∈ Φ and (x, y) ∈ H, (y, x) ∈ H, x and y are said to be H-close.
A sequence {xn }∞
n=0 ⊂ X is said to be a Cauchy sequence for Φ if for any H ∈ Φ,
there exists N ≥ 1 such that xn and xm are H-close for n, m ≥ N .
Definition 2 A function p :X×X−→ ℜ+ is said to be an A-distance if for any
H ∈ Φ, there exists δ > 0 such that if p(z, x) ≤ δ and p(z, y) ≤ δ for some z ∈ X,
then (x, y) ∈ H.
Definition 3 A function p :X×X−→ ℜ+ is said to be an E-distance if
(p1 ) p is an A-distance,
(p2 ) p(x, y) ≤ p(x, z) + p(z, y), ∀ x, y ∈ X.
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Definition 4 A uniform space (X, Φ) is said to be Hausdorf f if and only if the
intersection of all H ∈ Φ reduces to the diagonal {(x, x)|x ∈ X}, i.e. if (x, y) ∈ H
for all H ∈ Φ implies x = y. This guarantees the uniqueness of limits of sequences.
H ∈ Φ is said to be symmetrical if H = H −1 = {(y, x)|(x, y) ∈ H}.
Definition 5 Let (X, Φ) be a uniform space and p be an A-distance on X.
(i) X is said to be S-complete if for every p-Cauchy sequence {xn }∞
n=0 , there exists
x ∈ X with limn−→∞ p(xn , x) = 0.
(ii) X is said to be p-Cauchy complete if for every p-Cauchy sequence {xn }∞
n=0 ,
there exists x ∈ X with limn−→∞ xn = x with respect to τ (Φ).
(iii) f : X −→ X is said to be p-continuous if limn−→∞ p(xn , x) = 0 implies that
limn−→∞ p(f (xn ), f (x)) = 0.
(iv) f : X −→ X is τ (Φ)-continuous if limn−→∞ xn = x with respect to τ (Φ) implies
limn−→∞ f (xn ) = f (x) with respect to τ (Φ).
(v) X is said to be p-bounded if δp = sup{p(x, y)|x, y ∈ X} < ∞.
Definition 6 Let (X, Φ) be a Hausdorff uniform space and p an A-distance on X.
Two selfmappings f and g on X are said to be p-compatible if, for each sequence
{xn }∞
n=0 of X such that limn−→∞ p(f (xn ), u) = limn−→∞ p(g(xn ), u) = 0 for some
u ∈ X, then we have limn−→∞ p(f (g(xn )), g(f (xn ))) = 0.
Our aim in this paper is to establish some common fixed point theorems by
using a more general contractive condition than (1). We shall employ the following
contractive definition: Let f, g : X −→ X be selfmappings of X. There exist L ≥ 0
and a nondecreasing function ψ : ℜ+ −→ ℜ+ satisfying conditions (i) and (ii) of (1)
such that ∀ x, y ∈ X, we have
(2)

p(f (x), f (y)) ≤ eLp(x,g(x)) ψ(p(g(x), g(y))),

∀x, y ∈ X,

where ex denotes the exponential of x.
Remark 1 The contractive condition (2) is more general than (1) in the sense that
if L = 0 in the above inequality, then we obtain (1), which was employed by Aamri
and El Moutawakil [1].
The following Lemma contained in Aamri and El Moutawakil [1], Kang [7] and
Montes and Charris [10] shall be required in the sequel.
Lemma 1 Let (X, Φ) be a Hausdorff uniform space and p an A-distance on X. Let
∞
∞
∞
{xn }∞
n=0 , {yn }n=0 be arbitrary sequences in X and {αn }n=0 , {βn }n=0 be sequences
+
in ℜ converging to 0. Then, for x, y, z ∈ X, the following hold:
(a) If p(xn , y) ≤ αn and p(xn , z) ≤ βn , ∀ n ∈ N , then y = z. In particular, if
p(x, y) = 0 and p(x, z) = 0, then y = z.
(b) If p(xn , yn ) ≤ αn and p(xn , z) ≤ βn , ∀ n ∈ N , then {yn }∞
n=0 converges to z.
∞
(c) If p(xn , xm ) ≤ αn , ∀ m > n, then {xn }n=0 is a Cauchy sequence in (X, Φ).
The following remark is contained in Aamri and El Moutawakil [1].
Remark 2 A sequence in X is p-Cauchy if it satisfies the usual metric property.
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Main Results

Theorem 1 Let (X, Φ) be a Hausdorff uniform space and p an A-distance on X
such that X is p-bounded and S-complete. For arbitrary x0 ∈ X, define a sequence
{xn }∞
n=0 iteratively by
xn = f (xn−1 ),
n = 1, 2, ...
Suppose that f and g are commuting p-continuous or τ (Φ)-continuous selfmappings
of X such that
(i) f (X) ⊆ g(X),
(ii) p(f (xi ), f (xi )) = 0, ∀ xi ∈ X, i = 0, 1, 2, ...,
(iii) f, g : X −→ X satisfy the contractive condition (2).
Suppose also that ψ : ℜ+ −→ ℜ+ is a nondecreasing function satisfying conditions
(i) and (ii) of inequality (1).
Then, f and g have a common fixed point.
Proof. For arbitrary x0 ∈ X, select x1 ∈ X such that f (x0 ) = g(x1 ). Similarly, for
x1 ∈ X, select x2 ∈ X such that f (x1 ) = g(x2 ).
Continuing this process, we select xn ∈ X such that f (xn−1 ) = g(xn ).
We now show that the sequence {f (xn )}∞
n=0 so generated is a p-Cauchy sequence.
Indeed, since xn = f (xn−1 ), n = 1, 2, ..., then by using the contractive condition (2)
together with conditions (ii) and (iii) of the Theorem, we get

(3)

p(f (xn ), f (xn+m )) ≤ eLp(xn ,g(xn )) ψ(p(g(xn ), g(xn+m )))
= eLp(f (xn−1 ),f (xn−1 )) ψ(p(f (xn−1 ), f (xn+m−1 )))
= eL(0) ψ(p(f (xn−1 ), f (xn+m−1 )))
= e0 ψ(p(f (xn−1 ), f (xn+m−1 )))
= ψ(p(f (xn−1 ), f (xn+m−1 )))
≤ ψ[eLp(xn−1 ,g(xn−1 )) ψ(p(g(xn−1 ), g(xn+m−1 )))]
= ψ[eL(0) ψ(p(f (xn−2 ), f (xn+m−2 )))]
= ψ[e0 ψ(p(f (xn−2 ), f (xn+m−2 )))]
= ψ 2 (p(f (xn−2 ), f (xn+m−2 )))
≤ ... ≤ ψ n (p(f (x0 ), f (xm ))) ≤ ψ n (δp (X)),

which implies that
(4)

p(f (xn ), f (xn+m )) ≤ ψ n (δp (X),

where p(f (x0 ), f (xm ))) ≤ δp (X).
But, X is p-bounded, therefore, δp (X) = sup{p(x, y)|x, y ∈ X} < ∞.
Since ψ : ℜ+ −→ ℜ+ is a nondecreasing function, then by using condition (ii) of
inequality (1) in (4), we get
lim ψ n (δp (X)) = 0

n−→∞

and hence,
p(f (xn ), f (xn+m )) −→ 0 as n −→ ∞.
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Therefore, by using Lemma 1(c), we have that {f (xn )}∞
n=0 is a p-Cauchy sequence.
But X is S-complete. Hence, limn−→∞ p(f (xn ), u)) = 0, for some u ∈ X.
Since xn ∈ X implies that f (xn−1 ) = g(xn ), therefore, we have limn−→∞ p(g(xn ), u)) =
0.
Also, since f and g are p-continuous, then
lim p(f (g(xn )), f (u)) = lim p(g(f (xn )), g(u)) = 0.

n−→∞

n−→∞

But f and g are commuting, therefore f g = gf . Hence,
lim p(f (g(xn )), f (u)) = lim p(f (g(xn )), g(u)) = 0.

n−→∞

n−→∞

By applying Lemma 1(a), we have that f (u) = g(u).
Since f (u) = g(u) and f g = gf , then we have f (f (u)) = f (g(u)) = g(f (u)) =
g(g(u)).
We need to show that p(f (u), f (f (u))) = 0. Suppose on the contrary that
p(f (u), f (f (u))) 6= 0. By using the contractive definition (2) and the condition
that ψ(t) < t, ∀ t > 0, we obtain

(5)

p(f (u), f (f (u))) ≤ eLp(u,g(u)) ψ(p(g(u), g(f (u))))
= eLp(f (u),f (u)) ψ(p(f (u), f (f (u))))
= eL(0) ψ(p(f (u), f (f (u))))
= e0 ψ(p(f (u), f (f (u))))
= ψ(p(f (u), f (f (u))))
< p(f (u), f (f (u))),

which is a contradiction. Hence, p(f (u), f (f (u))) = 0.
By using condition (ii) of the Theorem, we have p(f (u), f (u)) = 0.
Therefore, since p(f (u), f (f (u))) = 0 and p(f (u), f (u)) = 0, by using Lemma 1(a),
we get f (f (u)) = f (u), which implies that f (u) is a fixed point of f .
But, f (u) = f (f (u)) = f (g(u)) = g(f (u)), which shows that f (u) is also a fixed
point of g. Thus, f (u) is a common fixed point of f and g.
The proof of when f and g are τ (Φ)-continuous is similar since S-completeness
implies p-Cauchy completeness.
This completes the proof.
Remark 3 The existence result in Theorem 1 is a generalization of Theorem 3.1 of
Aamri and El Moutawakil [1].
The uniqueness of the common fixed point of f and g is established by the next
two Theorems.
Theorem 2 Let (X, Φ), f, g, ψ, {xn }∞
n=0 be as defined in Theorem 1 above and p an
E-distance on X. Then, f and g have a unique common fixed point.
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Proof. Since an E-distance function p is also an A-distance, then by Theorem 1
above, we know that f and g have a common fixed point. Suppose that there exist
u, v ∈ X such that f (u) = g(u) = u and f (v) = g(v) = v.
We need to show that u = v. Suppose on the contrary that u 6= v, i.e. let p(u, v) 6= 0.
Then, by using the contrative definition (2) and the condition that ψ(t) < t, ∀ t > 0,
we obtain
p(u, v) = p(f (u), f (v))
≤ eLp(u,g(u)) ψ(p(g(u), g(v)))
= eLp(u,u) ψ(p(u, v))
(6)
= eL(0) ψ(p(u, v))
= e0 ψ(p(u, v))
= ψ(p(u, v))
< p(u, v),
which is a contradiction. Hence, we have p(u, v) = 0.
Similarly, we have p(v, u) = 0. By applying condition (p2 ) of Definition 3, we obtain
p(u, u) ≤ p(u, v) + p(v, u), and hence p(u, u) = 0.
Since p(u, u) = 0 and p(u, v) = 0, then by using Lemma 1(a), we get u = v.
This completes the proof.
Theorem 3 Let (X, Φ), p, ψ and {xn }∞
n=0 be as defined in Theorem 1 above. Suppose that f and g are p-compatible, p-continuous or τ (Φ)-continuous selfmappings
of X satisfying conditions (i), (ii) and (iii) of Theorem 1 above. Then, f and g
have a unique common fixed point.
Proof. By Theorem 1 above, we know that f and g have a common fixed point.
Hence, for some u ∈ X, we have limn−→∞ p(f (xn , u)) = limn−→∞ p(g(xn , u)) = 0.
Since f and g are p-continuous, then
lim p(f (g(xn )), f (u)) = lim p(g(f (xn )), g(u)) = 0.

n−→∞

n−→∞

Also, since f and g are p-compatible, then
lim p(f (g(xn )), g(f (xn ))) = 0.

n−→∞

By applying condition (p2 ) of Definition 3, we obtain
p(f (g(xn )), g(u)) ≤ p(f (g(xn )), g(f (xn ))) + p(g(f (xn )), g(u)).
Letting n −→ ∞ and using Lemma 1(a) yields
lim p(f (g(xn )), g(u)) = 0.

n−→∞

Since limn−→∞ p(f (g(xn )), f (u)) = 0 and limn−→∞ p(f (g(xn )), g(u)) = 0, then by
Lemma 1(a), we obtain f (u) = g(u).
The rest of the proof is as in Theorem 1 and is therefore omitted.
This completes the proof.
Remark 4 The uniqueness result in Theorem 3 is a generalization of Theorem 3.3
of Aamri and El Moutawakil [1].
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Hermann, Paris, 1965.
[5] J. Jachymski, Fixed Point Theorems for Expansive Mappings, Math. Japon.,
42(1), 1995, 131-136.
[6] O. Kada, T. Suzuki, W. Takahashi, Nonconvex Minimization Theorems and
Fixed Point Theorems in Complete Metric Spaces, Math. Japon., 44(2), 1996,
381-391.
[7] S. M. Kang, Fixed Points for Expansion Mappings, Math. Japon., 38(4), 1993,
713-717.
[8] M. O. Olatinwo, Some Common Fixed Point Theorems for Selfmappings in
Uniform Spaces, Acta Math. Acad. Paedagog. Nyházi (N.S.), 23, 2007, 47-54.
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